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1. Introduction 

In this paper, we study K-theory of (maximal) Roe algebras for a class of ex- 
panders. The Roe algebra was introduced by John Roe in his study of higher index 
theory of elliptic operators on noncompact spaces [12] . The K-theory of Roe algebra 
is the receptacle for the higher indices of elliptic operators. If a space is coarsely 
embeddable into Hilbert space, then K-theory of Roe algebra and higher indices 
of elliptic operators are computatble [17] . Gromov discovered that expanders do 
not admit coarse embedding into Hilbert space [S] . The purpose of this paper is 
to completely or partially compute K-theory of the (maximal) Roe algebras associ- 
ated to certain expanders. In particular, we prove the maximal version of the coarse 
Baum-Connes conjecture for a special class of expanders. The coarse Baum-Connes 
conjecture is a geometric analogue of the Baum-Connes conjecture [1] and provides 
an algorithm of computing K-thcory of Roe algebras and higher indices of elliptic 
operators. We also prove the (maximal) coarse Novikov conjecture for a class of 
expanders. The coarse Novikov conjecture gives a partial computation of K-thcory 
of Roe algebras and an algorithm to determine non-vanishing of higher indices for 
elliptic operators. Our results on the coarse Novikov conjecture are more general 
than results obtained in [H IH [6j . The question of computing K-theory of (max- 
imal) Roe algebras associated to general expanders remains open. We show that 
this question is closely related to certain quantitative Novikov conjecture and the 
quantitative Baum-Connes conjecture for the K-theory of (maximal) Roe algebras. 
We explore this connection to prove the quantitative Novikov conjecture and the 
quantitative Baum-Connes conjecture in some cases. 

The class of expanders under examination in this paper is those associated to a 
finitely generated and residually finite group F with respect to a family 

To D Ti D . . . r„ D . . . 

of finite index normal subgroups. The behaviour of the Baum-Connes assembly 
map for F and of the coarse Baum-Connes assembly map for the metric space 
X{T) = UieN^/ri can differ quite substantially: if F has the property r with 
respect to the family (Fi)igN, then (F/Fi)igN is a family of expanders and the 
coarse assembly map for X(r) fails to be an isomorphism, althougth for example 
for F = 5*^2 (Z), the assemply maps is an isomorphism. In [J] was introduced the 
maximal Roe algebra of a coarse space and a maximal coarse assembly map with 
value in this algebra was defined. As we shall see, the behaviour of this maximal 
coarse Baum-Connes assembly map for X{T), and of the maximal Baum-Connes 
assemply map for the group F with coefficients in €°°(X(F), /C(7?))/Co(X(F), IC{H)) 
turn out to be equivalent. In particular, as a consequence of [13], if F sastifies the 
strong Baum-Connes conjecture, then the maximal coarse assembly map for X(T) 
is an isomorphism. As a as a spin-off we also obtain the injectivity of the coarse 
assembly map when F coarsely embeds in a Hilbert Space. 

This suggests that the properties of the maximal coarse assembly map for X{r) 
is closely related to some asymptotic properties of the maximal Baum-Connes as- 
sembly maps for F with coefficients in the family {C(F/Fi}igN- For this purpose, we 
define quantitative assembly maps that take into account the propagation in the 
crossed product {C(F/Fi) x:„iaxr}igN- Notice that althought C(F/Fi) XmaxF and 
C'max(ri) are Morita equivalent, the imprimitivy bimodule between these two alge- 
bras introduces some distortion in the propagation and the relevant propagation is 
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the one coming from F. In this setting, we show that injectivity and bijectivity of 
the maximal coarse assembly map are equivalent to some asymptotic statements for 
these quantative assembly maps. For surjectivity, and up to a slight modification 
in the sequence of normal subgroups, we also obtain similar results. 

The paper is organised as follows. In section [2l we review results from [4j and 
[8] concerning maximal Roe algebras and coarse assembly maps. We also show the 
existence of a short exact sequence (see section I2.2|) 

(1.1) 0^/C(/2(X(F))®i/)— .Q_(X(F))^Arx,„axr^O. 

In section [31 we collect results about Baum-Connes assembly maps that we use 
later on. In section [4l we state for the left hand side of the Baum-Connes assembly 
map an analogue of the exact sequence of equation 11.11 . We show that assembly 
maps intertwines this exact sequence with the one induced in K-theory by the exact 
sequence 11.11 and obtain injectivity and bijectivity results for the maximal coarse 
assembly map for ^(F). In section [5.31 we set asymptotic statements concerning 
some quantitative assembly maps and we discuss examples of groups that satisfy 
these statements. 

2. K-THEORY FOR MAXIMAL ROE ALGEBRAS 

2.1. MsLximal Roe algebra of a locally compact metric space. In this sec- 
tion, we collect from [4] results concerning the maximal Roe algebra of a locally 
compact metric space that we will need in this paper. 

2.1.1. The case of a discrete space. Let S be a discrete space equipped with a 
proper distance d. Let us denote by C[S] the algebra of locally compact opera- 
tors with finite propagation of Z^(E)(8)iJ, where H is a separable Hilbert space, i.e 
(bounded) operators T of P(T,)(^H such that when written as a family {Tx.y)i^x,y)es^ 
of operator on H , then 

• T3;.j, is compact for all x and y in E; 

• there exists a real r such that d{x, y) > r implies that Tx,y = (T is said 
to have propagation less than r). 

For any real r, we define Cr[Tj] as the set of elements of C[S] with propagation 
less than r. It is straightforward to check that C[S] is a *-algebra. The (usual) 
Roe algebra C*(E) is the closure of C[S] viewed as a subalgebra of operator of 
L{P{'S)(E)H). The next lemma, proved in [4], shows that if E has bounded geometry, 
then C[E] admits an envelopping algebra. 

Lemma 2.1. Let T, be a discrete metric space with bounded geometry. For any 
positive number r, there exists a real Cr such that for any -representation (f> o/C[E] 
on a Hilbert space and any T in Cr[S], then ||'/'(T')||£(/f-^) ^ Cr||T||;2(5])(g)if- 

This envelopping algebra is then 

Definition 2.2. [3] The maximal Roe algebra of a discrete metric space E with 
bounded geometry, denoted by C^^^(T,), is the completion o/ C[E] with respect to 
the ^-norrn 

||0(T)||= sup ||0(T)||i 
when {(j),H^) runs through representations 4> o/C[E] on a Hilbert space H^. 
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2.1.2. The general case. Let X be a locally compact space, equipped with a metric 
d. A X-module is a Hilbert space Hx together with a ^-representation px of Co{X) 
in Hx- We shall often write / instead of px{f ) for the action of / on Hx- If the 
representation is non-degenerate, the X-module is said to be non-degenerate. A 
X-module is called standard if no non-zero fimction of Co (A") acts as a compact 
operator on Hx- In the litterature, the terminology Co(X)-ample is also used for 
such a representation [8i HI] . 

Definition 2.3. Let Hx be a standard non- degenerate X-module and let T he a 
hounded operator on Hx- 

(i) The support of T is the complement of the open suhset of X x X 
{{x,y) (z X X X s.t. there exist f and g in Cq{X) satisfying 

fix) ^ 0, g{y) ^Oandf-T-g = 0}. 

(ii) // there exists a real r such that for any x and y in X such that d{x, y) > r, 
then (x, y) is not in the support of T , then the operator T is said to have 
finite propagation (in this case propagation less than r). 

(iii) The operator T is said to be locally compact if f ■ T and T ■ f are compact 
for any f in C{){X). We then define C[X] as the set of locally compact and 
finite propagation hounded operators of Hx - 

(iv) The operator T is said to pseudo-local if [/, T] is compact for all f in Cq {X) . 

It is straightforward to check that C[X] is a *-algebra and that for a discrete 
space, this definition coincides with the previous one. Moreover, up to (non- 
canonical) isomorphism, C[X] does not depend on the choice of Hx- The Roe 
algebra C*{X) is then the norm closure of C[X] in the algebra L{Hx) of bounded 
operators on Hx- Although C*{X) is not canonically defined, we shall see later on 
that up to canonical isomorphism, its K-theory does not depend on the choice a 
non-degenerated standard A"-module. 

Definition 2.4. A net in a locally compact space X is a countable suhset S such 
that there exists numbers e and r satisfying 

• d(y, y') > e for any distinct elements y and y' of E; 

• For any x in X , there exists yinY, such that d{x, y) < r. 

The following result was proved in [1] 

Lemma 2.5. If a locally compact space X contains a net with bounded geometry, 
then with notation of definition \2-4\ there exists a unitary map ^' : i?s ^ Hx tho,t 
fullfills the following conditions: 

(i) The homomorphism L{H-^) L{Hx)',T i-^ v]/* .^.v]/ restricts to an algebra 
^-isomorphism C[S] C[X]; 

(ii) There exists a number r such that for every x in X and y inY, with d(x, y) < 
r, then there exists f in Cq{X) and g in Co(S) which satisfy f{x) ^ 0, 
g{y) ^ Q and f - ^> - g — (i-e has propagation less than r)- 

Then, if ^' : Hs Hx is a unitary map as in lemma 12. 5[ the ^-isomorphism 
C[S] C[X];T^ -qj* - T --^ extends to an isomorphism Adq, : C*(S) C*{X)- 

As a consequence of lemma 12.51 lemma 12.11 admits the following generalisation 
to spaces that contain a net with bounded geometry. 
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Lemma 2.6. Let X be a locally compact metric that contains a net with hounded 
geometry and let Hx be a standard non- degenerate X-module. Then for any posi- 
tive number r, there exists a real Cr such that for any * -representation (j) of C[X] 
on a Hilbert space and any T in C[X] with propagation less than r, then 

UiT)\\L(H,)<^r\\T\\H.. 

This allowed to define for X the maximal Roe algebra as in the discrete case. 

Definition 2.7. [3] Let X be a locally compact metric space that contains a net 
with bounded geometry . The maximal Roe algebra of X , denoted by C^^^(X), is 
the completion of C[X] with respect to the *-norm 

mT)\\ = sup mT)\\LiH,v 

when {(j), H^) runs through representation (j) on of C[X] a Hilbert space H^. 

2.2. MsLximal Roe algebra associated to a residually finite group. Let F 

be a residually finite group, finitely generated. Let Fo D Fi D . . . r„ D . . . be a 
decreasing sequence of finite index subgroups of F such that nigN^* ~ {^}- ^et 
d be a left invariant metric associated to a given finite set of generators. Let us 
endow F/F^ with the metric d{aTi,bTi) — min{(i(a7i, 672), 71 and 72 in F^}. We 
set X{T) — r/Fi and we equip X{T) with a metric d such that, 

iGN 

• on F/Fi, then d is the metric defined above; 
. d(F/F„F/F,) >i + j if i ^j. 

• the group F acts on X{T) by isometrics. 

Let us define by IC{H) the algebra of compact operators of H. Then the C*- 
algebra l°°{X(r),IC{H)) acts on P{X{r))(g)H by pointwise action of IC{H). This 
action is clearly by propagation zero locally compact operators. The group F acts 
diagonally on the Hilbert space P{X{T))^H by finite propagation operators, the 
action being on P{X{r)) induced by the action on X(r) and trivial on H. From 
this, we get a covariant representation of (£°°(X(F), /C(i?)), F) on P{X{r)), where 
the action of F on 1°°{X{T),IC{H)) is induced by the action of F on X{T) by 
translations. This yields to a *-homomorphism CdT, /°°(X(F), /C(ff))) — >C[X(r)] 
(where Cc(F, Z°°(X(F), IC{H))) is equipped with the convolution product) and thus, 
setting Br — l^{X(r),IC{H)), to a *-homomorphism 

i3rXmaxr^c;;,,(x(F)). 

Under this map, the image of Br,o Co(X(F), /C(7?))Xmaxr is contained in 
IC{P{X{T))^H). Thus if we set — Br/Br,Q, then we finally get a >i=-homomorphism 

<i>r : Arx,naxr^C;„,,(X(F))//Ca2(X(F))®iJ). 

Proposition 2.8. <i>r is a * -isomorphism, i.e we have an short exact sequence 

0^)CiPiX{r))®H)~-^C:^^^{X{T))~^ArXirnaxT^O. 

Proof. Let us construct an inverse for <i>r. Let T be an element in C[X(F)] with 
propagation less than r. Let n be any integer such that n > r and Br{e, r) n F„ = 
{e}. Then there is a decomposition T ^ T' + T" with T' in IC{P{Y["=o r/Fi)(g)i/) 
and T" = {T^')i>n € Y{i>n^{^'^{^ Let us denote for 7 in F by L.^r. 
the diagonal operator on P{T /Ti)®H given by left translation by 7Fi on /^(F/Fi) 
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and the identity on H . For any integer i, we have a unique decomposition T/' = 
Sfc=i hkLj^r,, where jk^i belongs to i?r/r.(rj, r) and hk belongs to C{T/Ti, IC{H)) 
and is viewed as an operator acting on P{T /Ti)^!! by pointwise action of operators 
of K,{H). Since Br{e,r) D F,; — {e} for i > n, the element 7A;Fi lifts to a unique 
element of i?r(e, r). li Br{e, r) — {gi, . . . , gm}, then there is a unique decomposition 
Tl' = X;r=i fkLg^T,, with in C(F/F,,/C(i?). Let us denote for fc = 1, . . . , m by 
4'k{T) the image of (/^,)i>n under the projection 

n C(F/F„/C(i/))^ n C(F/F„/C(i/)/0C(F/F„/C(i/) ^ Ar. 
It is then straightforward to check that we obtain in this way a well defined map 

m 

A, : a[^(r)]-^a(F,^r);T>-. ^0fc(T)<5<,,, 

fc=i 

where 5g is the Dirac function at an element g of F. Moreover, if r' > r,then 
Ar' restricts to on Cr[Ar(F)] and the maps A^ extends to a *-homomorphism 
C[X{T)] — >Cc(F, ylr) and thus to a >i=-homomorphism C^^^{X{T)) — >ArXimaxr. 
This homomorphism clearly factorizes through a *-homomorphism 

C*^aAX{r))/IC{f{X{T))®H)^Ar^m..r 

which provides an inverse for $r- 

□ 

We shall denote by 4'Ar,r,max : C^i^^{X{T)) — >ArXimaxr the projection map 
corresponding to the exact sequence of the previous proposition. Let Ar,Ar ■ 
ArXmaxL — > Ar Xrcd L be the homomorphism given by the regular representa- 
tion of the covariant system {Ar, F). The next lemma shows that Ar,yir ° ^Ar.r.max 
factorizes through C*(A:(F)) (see H). 

Lemma 2.9. There exists a unique homomorphism 

^Ar,r,red:C*{X{r))^ Ar >^redT 
such that \x{r) ° ^Ar.r.red = ^'Ar,r,mai:0 ^F.Ar- 

Proof. If such an homomorphism exists, it is clearly unique. Let us prove the 
existence. Let T be an element of Cr{X{T)) such that ||7'|lL(£2(x(r))(gi_f/)) ~ ^ ^^'^ 
let us set XT — ^r,Ar ° ^'yir,r,max(T). Let us view Ar xirod L as an algebra of 
adjointable operator on the right Ar-Hilbert module Ar^£'^{T). For any positive 
real e, let ^ be an element of Ar'S)i'^{T) such that ||^|Ur(»^2(r) — 1 and 

l|a;T-ClUr(gi«2(r) > ||xT|UrXircdr - £• 

We can assume without loss of generality that ^ lies indeed in Cc(F, Ar) and is 
supported in some Br{e,s) for s positive real. Let us fix an integer k such that 
Br(e,2r + 2s) n Ffe = {e}. There is a decomposition T = T' + T" with T' in 
/C(^2(yfc-^ir/r,)oF) and T" in /C(£'(F/F,)®i7) = [] C(F/F„ /C(i?)) x F/F,. 

i>k i>k 

Since this decomposition is diagonal, we get ||T"|| < 1. Actually T" can be 
viewed as an adjointable operator on the right £°°(Ui>feF/Fi, /C(iJ))-Hilbert module 
n,>fc C(F/F,,/C(iJ)) £2(F/F,). Let us chose a lift"^' in Cc(F, Br) of ^ under the 
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map induced by the canonical projection Br At such that ||^'||Br®^^(r) < 1 + e 
and ^' is supported in Br{e,s). Under the identification 

Ce(r, H c{T/Ti,K{H))) = n C'c(r, c(r/r„ k{h))), 

i>k i>k 

we can write ^' = {Ci)i>k- Since Br{e, 2r) fl Fj = {e} for i> k, the map 

Br{e,r) ^ Br/r,{Ti,ry,^ ^ ^Ti 

is bijective. Hence, if we define in Cc{T/ri,)C{H)) with support in Br/ri(ri,r") 

by ^iil'^i) = Ciil) for any integer i > k and 7 in Br{e,r), then ^" = (C-')i<fe 
is an element of ll^^^C{^/^i,£^{^/Ti)) such that || = ||f || < 1 + £. Let 
us now define 77" ="(?7i')i>fc in ni>kCi^/^uC{T/Ti,K:{H))) by 77" = T" ■ . 
Then 77;' e C(r/rj,C(r/r,,/C(iy))) has support in Br/r, (rj, r + s). Let us define 
7?^ G C(r,C(r/ri,/C(if)) with support in Br{e,r + s) by '7/^(7) = 77f(7ri) for i > fc 
and 7 in -Br(e, r + s). Since -Br(e, 2r + 2s) fl Fj = {e} for i> k, the map 

Sr(e,r + s) ^ Br/F; (Fj, r + s); 7 ^ 7rj 

is bijective and thus ||r/"|| — \\ri'\\ . It is then straightforward to check that the image 
of 77' under the map Cc{T,Br) Cc(F, Ar) induced by the canonical projection 
Br — > Ar is precisely xt-C- The result is then a consequence of the following: 

< iirii 

< 1 +e 



□ 

Proposition 2.10. The inclusion lC{f{X{T))®H) ^ C^^^{X{T)) induced an 
injection Z^KoiC:^aAX{m 

Proof. Let j3 be a projector in /C(Z2(X(r))(g)iJ) such that [p] = in i4:o(C;,„^(X(r))). 
We can assume without loss of generality that p belongs to /C(Z^(]J^j F/Tij^H) 

fp 0\ //fe 0\ 

for some n. This means that I is homotopic to I in some 

\0 0/ \0 0/ 

Mn{C^^^{X{T))) by a homotopy of projectors. Hence for every positive number 

/p 0\ /h o\ 

e< 1/4 there exists a real r such that 10 Ik and are connected 

\0 0/ \0 0/ 

by a homotopy {pt)telo,i] of e-almost projectors of M]\f{C^g^^{X{T))) (i.e selfadjoint 
elements satisfying — Pt\\ < e) such that pt has propagation less than r for all t 
in [0, 1]. Let us fix an integer k > max{7i, r}. Then for every t £ [0, 1] we can write 
Pt = p't +Pt^ where (Pt)te[o,i] is a homotopy of selfadjoint elements in 

fe-i 
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and (Pt')te[o,i] is a homotopy of selfadjoint elements in 

Mn I n /C(/2(r/rO0i/) + Cldp^u^^^ r/r.)»H 

\i>k 

Moreover, since pt can be written diagonally as p'^ © p" in the decomposition 
P(X(r))®i/ = ^^(lJ -ri^r/ri)(^i?0P(]J^>j^r/r,)®i?, thcnpj is also a e-projectors 
with propagation less than r. Let (/3 : R ^ R be a continuous function such that 
(p{s) = if s < 1/2 and ip{s) = 1 if ^^^^+'^ < s. Then {(p{p't))telo,i] is a ho- 
motopy of projectors in Afjv(A^('^(lJi=/ T/ri)(^H) + Cldp^-^k-i r/ri)(giff) between 
p 0\ /Ik 0\ 

h and and thus p = 0. □ 
0/ \0 0/ 

In conclusion, we get 

Corollary 2.11. With previous notations, we have 

(i) a short exact sequence 

o^z^i^o(c;„,,(x(r))) Ko{Ar>imaccr)-^o, 

where the copy ofZ in Ko{C^^^{X (T))) is generated by the class of a rank 
one projector on £'^{X) H. 

(ii) an isomorphism 

K,{C*^,,{X{r))) i^i(Arx™a.r) 

Remark 2.12. The same proof as for proposition \K7d\ applies to show that the 
injection K.{£^{X{T))(g)H) ^ C*{X{T)) induces an injection Z ^ Ko{C* {X(T))). 
But when the group T has the property r with respects to the family (ri)i^fi, then 
X[T) is a family of expanders and it was proved in ^ that the composition 

Z-^Ko{C*{X{r))) Ko{Ar x^.^r) 

(and thus the composition IC{i'^{X{T))®H) ^ C*{X{r)) *— I"* Ar x>red^) is not 
exact in the middle 

2.3. Assembly map for the Maximal Roe algebra. Let X be a locally compact 
metric space, then according to a result of ^ that we shall recall below, the K- 
theory group K^,{C* (X)) up to canonical isomorphism docs not depend on the 
chosen non-degenerated standard X-module defining C*{X). In [8] was defined 
an assembly map for the Roe algebra pix '■ K^,{X) — K^,{C* (X)) in the following 
way. Let Hx be a standard X-Hilbert module with respect to a non-degenerated 
representation px '■ Ca{X) L{Hx)- Let us define the following subalgebras of 
HHx) 

V{X) = {T e L{Hx) such that [/, T] e IC{Hx) for aU / e Co{X)}, 
C(X) = {T e L(i/x) such that /• T e /C(iJx) and T- / for aU / e Co(X)}, 
D*{X) — {T E 1^{X) and T is in the closure of finite propagation operator}. 
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Then every element in K^,{X) can be represented by a K -cycle (px , Hx ,T), with 
T e V{X). This operator then defines a class [T] in K^+i{V{X)/C{X)) and we get 
in this way an isomorphism called the Paschke duality [8] 

K4X)^K,+,{V{X)/C{X));[{px,Hx,T)] ^ [T]. 

According to [U Lemma 12.3.2], the C*-algebras inclusions C*{X) ^ C{X) and 
D*{X) ^ induce an isomorphism 

(2.1) D*{X)/C*{X)^V{X)/C{X). 

Using the inverse of this isomorphism, we get finally an isomorphism 

K4X)^K,+i{D*{X)/C*{X)) 

which when composed with the boundary map in /^-theory associated to the short 
exact sequence 

^ C*{X) D*{X) D*(X)/C*{X) 
gives rise to the assembly map 

A^x,* ■.K,{X)^K,{C*{X)) 

Remark 2.13. Every element x in K^{X) can be indeed, represented by a K-cycle 
{px,Hx,T), withT e D(X). In this case, {T,C*{X)) is K-cycle for K^{C* {X)) = 
KK(C,C*{X)) and thus defines an element of K^,(C*{X)) we shall denote by 
Indx T. It is then straightforward to check that 'jlx,*{x) = Indx T . 

In order to define the coarse Baum-Connes assembly maps, we shall recall some 
functoriality results of the Roe algebras under coarse maps. 

Let (f) : X ^ Y he a. coarse map between locally compact metric spaces. Let 
Hx (resp. Hy ) be a non-degenerated standard X-Hilbert module (resp. y-Hilbert 
module) with respect to a representation px (resp. pv)- Recall from [8^ that 
there is an isometry V : Hx Hy that covers (f>, i.e there exists a real s such 
that for any x and y in X with d{(j){x),y) > s, we can find / in Co{Y) and g in 
Co{X) that satisfy f{y) ^ 0, g{x) ^ and py{f)V pxig) = 0. The map UHx) ^ 
L(iJY); T I— > VTV* then restricts to a *-homomorphism C[X] — > C[Y] and thus to 
a homomorphism AdV : C* {X) C*{Y). The crucial point, due to [8] is that the 
honiomorphism Ad* V : kS{C*{X)) K^(C*(Y)) induced in K-theory by AdV 
does not depend on the choice of the isometry V covering cf). Hence, we define 

= Ad^V : K^{C*{X)) K^{C*(Y)), where V : Hx ^ Hy is any isometry 
covering <p. 

Remark 2.14. 

(i) //0 : X ^ X is a coarse map such that for some real C , we have d{x, 4>{x) < 
C for all X in X, then Id//^ covers (j) and hence 0* = Idx^(c.(x))- 

(ii) If (j) : X ^ Y and : Y Z are two coarse maps, then {4>o ip)^ = (/>* o ^0^. 

(iii) In consequence if (j) : X ^ Y is a coarse equivalence, then 0* is an iso- 
morphism. Moreover, if (j)' : X Y is another coarse equivalence, then 

4'* = 4>* ■ 

(iv) In particular, by chosing for two non-degenerated standard X -modules Hx 
and H'^ an isometry V : Hx H'^ that covers Idx , we see that up to 
canonical isomorphisms, the K-group K^,{C* {X)) does not depend on the 
choice of a non- degenerated standard X -module. 
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The previous construction can be extended to maximal Roe algebras by using 
the following lemma. 

Lemma 2.15. With above notations, assume that X and Y a locally compact 
metric spaces both containing nets with bounded geometry. For any isometry V : 
Hx Hy covering a coarse map (j) : X Y , we have 

(i) C[X] -> C[y]; T i-> VTV* extends to a homomorphism C[X] -> C[Y] and 
thus to a homomorphism AdmaxV : C*^^^{X) C*^^^{Y). 

(ii) The homomorphism Ad„iax,*V : K.^,{C^g^^{X)) ^*(C'maa;(^)) induced 
by AdmaxV in K-theory does not depend on the choice of the isometry 
V : Hx Hy covering (j). 

Proof. The first item is just a consequence of the universal properties for C*^-^^J^X) 
and Cj^ax(^)- For the second point, assume that V : Hx Hy is another 
isometry covering </) and let us set W ^ V ■ V* . Then is a partial isometry of 
Hy with finite propagation. Then Wx and (Id/f^ —W*W)x are in C[Y] for any x 
in C[y], and since 

x*x = x*W*Wx + x*{ldH^-W*Wfx 

(Wxywx + {x{idHx ~w*w)y (idHx -w*w)x, 

we get that {Wx)*Wx < x*x in C*^^^{Y) and thus \\Wx\\ < \\x\\. Hence C[Y] 
C[Y];x 1-^ W ■ X extends to a bounded hnear map C^^^{X) C^^^{X) we shall 
denote again by W. But W* is also a partial isometry of Hy with finite support 
and it is straightforward to check that for any x and y in C'^g^^{Y) then W*{x)y = 
xW{y) and thus is a multipher of C^^^{Y). Since Admax,* V = W ■ Admax,* V ■ 
W* , we get the result by using [51 Lemma 4.6.2]. □ 

With above notation, this allowed to define for a coarse map (j) : X ^ Y with X 
and Y both containing nets with bounded geometry, 

0max,* = Ad,nax,* V : if . ) ^/C, (C;;,, (F ) ) , 

where V : Hx Hy is any isometry covering (j). Notice that the remark 12.141 
obvioulsy admits a analogous formulation for maximal Roe algebra. In view of 
remark 12.131 and in order to define the maximal assembly map, we will need the 
following result. 

Lemma 2.16. Let Hx a standard non-degenerated X-module. Then, for any 
pseudo-local operator T on Hx with finite propagation, the map 

C[X] C[X]; x^Tx 

extends in a unique way to a multiplier of C^^xi^) shall again denote by T . 
Moreover, for any positive real r, there exists a real constant Cr such that if T has 
propagation less than r, then 

where M{Cmaxi-^)) stands for the algebra of multiplier of C^axi-^)- 

Proof. We can assume without loss of generallity that T as an operator on Hx is 
norm 1. 
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• Let (fi)iei be a partition of unit, whose supports have uniformally bounded 
diameters. Since T — fl^'^Tf^^^ is in C'[X] and has norm operator 
for Hx less than 2, then according to lemma it is enought to prove the 
result for fi^^Tf^^"^ instead T. For an element x of C[X], let us set 

iei 

and 

i&I i£l iel 

Then A is a positive pseudo-local operator of Hx and y is a self-adjoint 
element in C[X] and 

x'*x'-x*x = Yj^*fl^^(^*^^^'^H^)fy^x + x*yx 

= -(E f'^'Afy'^nH fl'^Afl'^) +x*{y + y')x, 
iei iei 

where y' = (E.^/ fl'^ Afl'^f - E.^/ fl'^ fl'^ lies in C[X]. According 
to lemma [2761 since y and y' has operator norm on Hx bounded by 2 and 
have propagation less than r, there exists a real constant c^, depending only 
on Hx and r and such that ||?/-|-?/'|| < in C^^^{X). Hence x'*x' — x*x < 
CrX*x and hence < (1 + Cr)^/^||a;|| in C^^^{X). In consequence, the 
map C[X] C[X]; x t-^ J^iei fi^^^^fi^"^^' bounded for the norm of 
C'max(^) ^i^'i tbus extends to a bounded linear map C^^^{X) — > C*-^^^{X). 

• Applying the preceding point also to T* , we get that {T*x)*y — x{Ty) for 
all X and y in C^^y^{X) (check it on C[X]) and thus T is a multiplier for 

^max(^)- 

□ 

Remark 2.17. The set of pseudo-local operator of Hx of finite propagation is a 
^-subalgebra of L{Hx) which contains C[X] as an ideal. From preceding lemma, 
we get then a *-homomorphism from the algebra of pseudo-local operator of Hx of 
finite propagation to the multiplier of C^^^J^X) whose restriction to C[X] is just 
the inclusion *-homomorphism C[X] ^ C^^^{X). 

Corollary 2.18. 

• If {px,Hx,T) is a K-cycle for K^{X) with T of finite propagation. Then 
{T,C*^,,{X)) IS a K -cycle for K.4C*^a.iX)) = KKiC,C*^,,{X)) we shall 
denote by liidx,maxT. 

• {px,Hx,T) 1-^ Indx^maxT gives rise to a homomorphism 

Proof. We only have to check that the definition of Indx,max T only depends on 
the class of {px,Hx,T) in K^{X). But if {px,Hx,T) and {px,Hx,T') are two 
K-cycle for K^,{X) with T and T' of finite propagation then 

• if f{T - T') is compact for aU / in Co(X), then IndmaxT = IndmaxT'; 
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• if r and T' are connected by a homotopy of operators [Ts)si^[o,i\ such that 
{pxi Hx, Ts) is a K-cycle for all s in [0, 1], then according to the preceding 

point, we can replace (Ts)^g[o,i] by (EiSN /i^^^^s/i^^^)se[o,i] ' where (/i)igN 
is a partition of unit with support of uniformally bounded diameter. 

The result is then a consequence of the second item of lemma 12.161 □ 



Remark 2.19. Let x be an element of Ko{X)) represented by an even K-cycle 
{px , Hx , T) as in the previous corollary. Let us set 



W 
Then 



Id//. 




T 



W 



-T 

Idffx 






Idff. 



Idff:, 




w- 



T 
Idff,, 

Id/fx 






Idff,, 



-Idff^ 




defines an element in ifo(C^(,j.(X)) which is precisely jlx,*,m,axix). 

We are now in position to define the coarse Baum-Connes assembly maps. Recall 
that for a proper metric set E and a real r, the Rips complex of order r is the set 
Pr.(S) of probability measures on S with support of diameter less than r. Recall 
that Pr(S) is a locally finite simplicial complex that can be provided with a proper 
metric extending the euclidian metric on each simplex. Moreover, by viewing an 
element of E as a Dirac measure, we get an inclusion E ^ Pj.(E), which turns out to 
be a coarse equivalence. If we fix for each real r a coarse equivalence 4>r '■ Pr (E) E, 
then the collections of homomorphisms given by the compositions 



and 



Up rv'i.max.* cb-r- ^^^^ ^ 



give rise respectivelly to the the Baum-connes coarse assembly map 
Ais.* : limi^4F,(E))^if,(C*(E)) 

and to the maximal Baum-Connes assembly map 

r>0 

Moreover, if z in lim^ if* (Pr(E)) comes from a K-cycle (pp^(s), Hp^(y,) , T) for some 
ii'*(Pr(E)), where T is a finite propagation operator on the non-degenerated stan- 
dard Pr.(E)-module Hp^(j2) then 

fJ-izA^) = 'i>r,* Indp^(s) T 

and 

MS,max,*(^) = </'r,max,* Indp^(s),max 

Remark 2.20. Let As : C^^^(E) — > C*(E) be the homomorphism induced from 



the representation C[X] ^ B{Hy.)- Then pY,.* = Ms. 



o Ay 



3. The Baum-Connes assembly map 

We gather this section with result we will need later on concerning the Baum- 
Connes assembly map and its left hand side. For a proper F-space X and a F-algebra 
A, we shall denote for short KKl{X, A) instead of KKl{Co{X), A). 
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3.1. Definition of the maximal assembly map. Let X be a locally compact 
proper and cocompact F-spacc and let {p,£,T) be a K-cycle for KKl{X,A). Up 
to averaging with a cut-ofF function, we can assume that the operator T is F- 
equivariant. Let £r be the separated completion of Cc{X) ■ £ with respect to the 
^Xmaxf-valued scalar product defined by {e/e')£^{j) = (C/7(C'))£ for ^ and in 
Cc{X)-£ and 7 in F (recall that the separated completion is obtained by first divide 
out by the submodule of vanishing elements for the pseudo-norm associated to the 
inner product and then by completion of the quotient with respect to the induced 
norm). Up to replace T by E^gf 7(/'/')7^7(/'/'), for / S C^X, [0, 1]) a cut-off 
function with respect to the action of F oiX, the map Cc{X)-£ — > Cc{X)-£; ^ 1— 
extends to an adjointable operator Tr : £r ^ £r- Then we can check that (5r,Tr) 
is a K-cycle for KK^{C, Axi^a^T) = K^{Ayijna^^) whose class lndr,A,maxT only 
depends on the class of (p, £, T) in KK^{X^ A). The left hand side of the maximal 
assembly map is then the topological K-theory for F with coefficients in A 

i^:°P(F, A) = \\inKKl{P,{V),A) 

and the assembly map 

is defined for an element x in kI°^{T, A) coming from the class of a K-cycle {p,£, T) 

for KKl{Pr{T),A) by /iF,A,max(a;) = Indr,A,maxT. 

3.2. Induction. We recall now from PJj the description of induction to a group, 
from the action of one of its subgroup on a C* -algebra, and the behaviour of the 
left-hand side of the Baum-Connes assembly map under this transformation. 

Let F' be a subgroup of a discrete group F, and let A be a F'-C*-algebra. Define 

Ip. A = {/ : F ^ A such that 7' • /(77') = /(7) for aU 7 e F , 7' e F' 

and 7r'^ 11/(7)11 is in Co(F/F')}. 

Then F acts on Ip, A by left translation and it is a standard fact that the dynamical 
systems (Ip/ A, F) and {A,T') have equivalent covariant representations. In partic- 
ular, the C*-algebras AximaxT' and Ip/ AXmaxT are Morita equivalent (the same 
holds for reduced crossed products). Notice that if the action of F' on A is indeed 
the restriction of an action of F, then 

ll, A ^ Co(F/F', A)- f ^ [7F' ^ 7 • /(7)] 

is a F-equivariant isomorphism, where Co(F/F', A) = Co(F/F')(8)j4 is provided with 
the diagonal action of F. In llj was defined an induction homomorphism 

: K'°P{r' ,A) K'°P{r,ll, A), 

which turned out to be an isomorphism. If F' has finite index in F, then IpJ*^''^ can 
be described quite easily as follows. Recall first that if F' is a subgroup of F with 
finite index, then the family of inclusions Co{Pr(r' j} ^ C'o(Pr(F)) gives rise to an 
isomorphism 



(3.1) \imKKl'{Pr(T'),A) = K'°p{T',A) ^ MrnKK^' (Pr-iV), A), 
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and under this identification, the assembly map is defined as before : if a; in an ele- 
ment in kI°^{T, A) coming from the class of a K-cycle (p, £, T) for KK^' {C(i{Pr{T), A), 
then Afr,A,max,*(a;) = Indr',A,max 

Now let {p,£,T) be a K-cycle for some KK^ {X,A), where X is a proper and 
cocompact F'-space. Let us define 

ll,£ = {C.r^A,y ■ e(77') - e(7) for aU 7 e T}. 

The pointwise right A-Hilbert module structure provides a rig ht Ip, A-Hilbert mod- 
ule structure for 1^, £ which is covariant for the action of T by left translations. If T 
is chosen F'-equivariant, then F ^ f ; 7 1— > T.^ lies in Ip/ £ for ^ in Ip/ £ and we get 
in this way a F-equivariant and adjointable operator Ip/ T : 1^,, £ —^ Ip/ £. Finally, 
for / in Co{X), pointwise left multiplication by 7 1-^ lipif)) defines a covariant 
representation Ip/ p of Co{X) on the Hilbert right Ip, A-Hilbert module Ip/ £. It 
is straightforward to check that (Ip, p, Ip/ £,Iy" T) is a K-cycle for KK^{X,l^, A) 
whose class only depends on the class of {p,£,T) in KK^ {X,A). On the other 
hand, if {p',£',T') is a K-cycle for KK^{X,l^, A), and if we consider the F'- 
equivariant homomorphism ip : l^i A ^ A; f t-^ /(e), then £ — £'i^^A is a F'- 
covariant right A-Hilbert module. Let us set T = r'(g)^ Id^i and p{f) = p'{f)®^ IAa 
for all / in Cq{X). Then {p,£,T) is a -ftT-cycle for KK^ i^jA) and we can check 
that (Ip, p, Ip, £, Ip/ T) is a K-cycle unitary equivalent to (p', T'). Finally, we get 
an isomorphism 

l^l^X** ■■ KK^'{X,A) ^ KKl{X,ll, A) 

which maps the class of a K-cycle {p,£,T) for KK^ i^^A) to the class of the K- 
cycle (Ip/ yO, Ip/ f , Ip/ T) in ii'iir;[^(X, Ip/ A). Under the identification of equation l3.1[ 
the family of isomorphisms (Ip) ^ \^ )r>o gives rise to an isomorphism 

Ir^X ■■ KT^^'.A) ^ Kl°^T^l, A). 

Moreover, up to the identification i^* (AximaxF') ^ -ft'*(Ip, AximaxF) induced by the 
Morita equivalence, we have 

_ Tr.top 

Remark 3.1. Let A he aV -algebra, letV he a suhgroup ofT with finite index and let 
{p,£,T) he a K-cycle for KK^ {X,A), such that the action ofT' on £ is indeed the 
restriction of a covariant action ofT. Under the identification Ip, A = C(F/F', A) 
we have seen before, then 

^/£^C(F/F',£);C - [7r'-7-C(7)] 
is a T-equivariant isomorphism of right C{T /V , A) -Hilbert module, where we have 
equipped CiT /V ,£) = C{T /V')®£ with the diagonal action ofT. Moreover, under 
this identification, Ip/ p is given pointwise by the representation p and Ip, T is the 
pointwise multiplication by ^ ^ 

3.3. The left hand side for product of stable algebras. As it was proved in 
[2] , the topological K-theory for a group is a functor with respect to the coefficients 
which commutes with direct sums, i.e iir*°P(G, ®i£iAi) = (BieiK*'°P{G, Ai) for every 
locally compact group G and every family {Ai)i^j of C*-algebras Ai equipped with 



if -THEORY FOR THE MAXIMAL ROE ALGEBRA OF CERTAIN EXPANDERS 



15 



an action of G by automorphisms. The aim of this section is to prove a similar 
result for product of a family of stable C*-algebras. 

Let us first prove the result for usual K-theory. 
Lemma 3.2. Let A = (Ai),;^/ he a family of unital C* -algebras. Let 

: K,{I{,^i{A,®lC{H))-^\[K,{Ar®UH)) '^]\K.Mi) 

be the homomorphism induced on the j-th factor by the projection 

Y[iA®IC{H))^Aj®ICiH). 

Then is an isomorphism. 

Proof. Is clear that is onto. The injectivity of 8;f is then a consequence of the 
next lemma. □ 

Lemma 3.3. There exists a map (p : (0, +oo[— > (0, +oo[ such that for any unital 
C* -algebra A, the following properties hold: 

(i) // p and q are projectors in some M„(A) connected by a homotopy of 
projectors. Then there exists integers k and N with n -\- k < N and a 
homotopy of projectors (pt)te[o,i] in Mis[(A) connecting di&g(j), Lk,0) and 
diag(q, /fc, 0) and such that for any positive real e and any s and t in [0, 1] 
with \s — t\ < 4>{e), then \\ps — pt\\ < £. 

(ii) // u and v are homotopic unitaries in Un{A), then there exists an inte- 
ger k and a homotopy {wt)t£[Q^i\ in Un+k(,A) connecting diag(it,/fc) and 
diag(w,/fe) such that for any positive real e and any s and t in [0,1] with 
\s — t\ < 4>{e), then \\ws — Wt\\ < e. 

Proof. We can assume without loss of generality that n = 1. 

• Let us notice first that using [TBI Proposition 5.2.6, page 90 ], then there 
exists a positive real a such that for any unital C* -algebra A and any 
projectors p and q in A such that \\p — q\\ < a, then q = u ■ p ■ u* for some 
unitary u of A with \\u — 1|| < 1/2. Hence there is a self-adjoint element 
h oi A with \\h\\ < ln2 such that u — expih. Considering the homotopy 
of projectors {expith ■ p ■ exp — iift,)jg[Q x], we see that there exists a map 
(pi : (0, +oo[^ (0, +oo[ such that for any C*-algebra A and any projectors 
p and g in A such that \\p — q\\ < a, then p and q are connected by a 
homotopy of projectors iPt)te[o,i] such that for any positive real e and 
any s and t in [0, 1] with |s — t| < (t>i{s), then \\ps — Pt\\ < £• 

• By considering for a projector p in A the homotopy of projectors 

/ cos^TTt/2-p sin 7rt/2 cos7rt/2 • p 
\^sin7rt/2 cos7rt/2 • p sin^ 7rt/2 ■ p + \ — p 

in M2(A), we also get that there exists a map 02 : (0, +oo[^ (0, +oo[ such 
that for any C*-algebra A and any projector p in A, then diag(l,0) and 
diag(p, 1 — p) are connected by a homotopy of projectors ('7t)te[o,i] such 
that for any positive real e and any s and t in [0, 1] with |s — i| < 02(e), 
then \\qs - qt\\ < e. 
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• To prove the general case, let p and q be two homotopic projectors in a 
C*-algebra A, and let p = po ,Pi, • ' ' iPm — qhe m+\ projectors in A such 
that \\pi+i — Pi\\ < a for i = 0, • • • , m — 1. Let us consider the following 
projectors in M2m+i{A): 

qa = diag(po,-?^2fc-i,0) 

qi = diag(po, 1,0, •• • ,1,0) 

92 = diag(po,l-Pi,Pi,--- ,l-Pm,Pm) 

qs = diag(po,l-po,Pl,l-Pl,--- ,Pm-l,l-Pm-l,Pm) 

(74 = diag(l,0, • • • , 1,0, p,„) 
55 = diag(0,/2fe-i,p„i) 
qe = diag(p„,/2fe-i,0) 

Since Wq^ — (72II < if we set (f) ~ inin{0i, 02} and if wc use the previous 
cases, we get for every I in {0, 5} homotopies {qDt^iij+i] between qi and qi+i 
such that for any positive real e and any s and t in [0, 1] with \s — t\ < 4>{e), 
then \\ql — ql\\ < e. Hence, by considering the total homotopy, we get the 
result. 

The proof for unitaries is similar. □ 

Proposition 3.4. Let T be a discrete group. Let A = (/li)igN be a family ofC*- 
algebras equipped with an action of T by automorphisms. Let us equip Ai®K,{H) 
with the diagonal action, the action of T on IC{H) being trivial and let us then 
consider the induced action on Yiieii^^'^^i-^)) ■ 

l[KK^{Pr{r),A<E>IC{H)) = l[KK^{Pr{r),A,) 

iei iei 
be the homomorphism induced on the k-th factor by the projection 



\{{A,®1C{H)) ^ Ak®]C{H). 



iei 

Then Q^'^ is an isomorphism. 

Proof. Let us set Bi — Ai®K.{H) for i in /. We can define an analogous morphism 
ef : KKl{X,Il,eiBi) ^ J] KKI{X,B,) 

for any locally compact space X equipped with an action of F. Let us denote 

by ■ KKl{X,ni^iB.,) KK^{X,Bk) the homomorphism induced by the 

projection on the fc-th factor. Up to take a barycentric subdivision of PriT), we can 

assume that Pr (r) is a locally finite and finite dimension typed simplicial complex, 

equipped with a simplicial and type preserving action of F. Let Zq, ■ ■ ■ , Z„ be the 

skeleton decomposition of P,.(F). Then Zj is a simplicial complex of dimension j, 

locally finite and equipped with a proper, cocompact and type preserving simplicial 

action of F. Let us prove by induction on i that Q^,' is an isomorphism. The 0- 

skeletton Zq is a finite union of orbits and thus, for j = 0, it is enought to prove 
r / F 

that 0* is an isomorphism when F is a finite subgroup of F. Let us recall from 
[Tl] that for every C* -algebra B equipped with an action of F, there is a natural 
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restriction isomorphism Rcsf r : KKl{V/F,B) — >KKf{C,B) ^ K^{B >i F). We 
get by naturality the following commutative diagram 

KKliT/F,U,eIB^) KKl{T/F,Bk) 

K,{(n,eiB,) » F) > K,{Bk X F) 

where the bottom row is induced by the homomorphism Iii(zi[Bi » F) ^ Bk >i F 
arising from the projection on the fc-th factor Hi^jBi — > Bk- Since F is finite, 
Ili^i{Bi X F) is naturally isomorphic to (Ilig/Bi) x F, and under this identification, 
the bottom row homomorphism induces by lemma 13.21 an isomorphism 

K,{{n,eiB,) X F)^Y[K,{B, X F). 

iei 

Hence 0* is an isomorphism. 

Let us assume that we have proved that of^"^ is an isomorphism. Then the 
short exact sequence 

gives rise to an natural long exact sequence 
and thus by naturallity, we get a diagram 



.+1 



Hi^lKKl (Zj_-i, Bi) > Ui^iKKl {Zj, Bi) ► n^gj if if J; (Z^ , 

' KKl^^{Zj_-,,ni^,Bi)' 

. niej-ifJfr+i(Zj-i,Si) 

Let (Tj be the interior of the standard j-simplex. Since the action of F is type 
preserving, then Zj \ Zj^i is equivariantly homeomorphic to aj xEj, where 
is the set of center of j-simplices of Zj, and where F acts trivially on aj. This 
identification, together with Bott periodicity provides a commutative diagram 

KK^{Z,\Z,^i,Il,eiB,) > KK^^^{j:,,n,eiB,) 



By the first step of induction, O^^ is an isomorphism, and hence Q^'^^'~^ is an 
isomorphism. Using the induction hypothesis and the five lemma, we get then that 
0* ^ is an isomorphism. □ 

Let (^i)igN be a family of F-algebras, let H be an Hilbert space and let x be 
an element of KK* {Pr{T),Y\^^J^ Ai®lC{H)) (the action of F on being trivial) 
represented by a K-cycle {(j),£,T). Let pk ■ Yli^n ^i'^K^iH) Ak®lC{H) be the 
canonical projection on the fc-th factor, and let us set £k = £®p^Ak®lC{H), Tk — 
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T®p^^ ^Aa^^k{h) and let us define the F-equivariant representation of Co(/V(r)) on 
£k by (j)k{f) = (l){f)®pk ^'^Ak®K.(H) for all / in Co(Pr(r)). Then HieN^i provided 
with the diagonal action is a F-equivariant right J^^gj^j v4i(g)/C(i?)-Hilbert module. 
Moreover, if S" is a compact operator on £ , then for every e > 0, there exists a finite 
rank operator S' on £ such that US' — < e. Then (5j')igN provides a finite rank 
operator on HiGN^* snc\i that \\Si — S[\\ < e for all integer i. Hence (S'i)igN gives 
rise to a compact operator on IlieN'^*- Consequently, (((/)i)igN, HieN (7j)jeN) is 
a K-cycle for KK^ {Pr{T),Yli^fq Ai®JC{H)) which in view of the isomorphism of 
proposition 13.41 represents also x. Using the imprimitivity bimodule implement- 
ing the Morita equivalence between and Ai®JC{H), we can actually replace 
£i by K,{Ai (g) H,Hi) where Hi = £i ®Ai®K(H) ®Ai. Hence we obtain that ev- 
ery element x in KK*{Pr{T)^Y\^^fl^A^®lC{H)) can be represented by a K-cycle 
{{4>i)i(zii,Y{.^j^^K.Ai{^i<SiH,T-Li), {Ti)i(zf.i) such that for every integer i, 

• ?ii is a F-equivariant right Ai-Hilbert module; 

• 4>i IS a, F-equivariant representation of Co(-Pr(r)) on Ti^; 

• Tj is a F-equivariant operator on Tii] 

• the action of Ti and of (j)i{f) for / in Co(Pr(r)) on JCAi{Ai($H,Ti.i) being 
by left composition. 

Moreover, we can assume that \\Ti\\ < 1 for all positive integer i. 
As a consequence of proposition 13.41 we get 

Corollary 3.5. // F admits a universal example which is a finite dimension and 
cocompact simplicial complex ( equipped with a simplicial action of F ), then we have 
an isomorphism 

induced on the k-th factor by the projection 

H,e/(v4,®/C(i7)) ^ Ak^lCiH). 

3.4. The case of coverings. Recall from [10] that for a cocompact covering X 
X of group F, we have a natural isomorphism 

^ : KK^iX,C) — >K.,{X) 

which can be described as follows. Let {p,H,T) be a i^-cycle for KKl{X,C). We 
can assume without loss of generality that the representation p : Co{X) F(ff) is 
non-degenerated. We can also assume that the operator T oiL{H) is F-equivariant 
and that 

T ■ CciX) ■ H d CciX) ■ H. 

If (•, •) is the scalar product on the Hilbert space H, then we can define on Cc{X)-H 
the inner product 

{{^.n)) = Y.^t,l{ri))- 

Then ((•, •)) is positive and thus by taking the separated completion of Cc{X) ■ H, 
we get a Hilbert space H. The operator T being equivariant, its restriction to 
Cc{X) ■ H extends to a continuous operator T on H. Since p is non-degenerated, 
it extends to a representation of C{X) (viewed as an algebra of multiplier for 
Co{X)) on H by equivariant operator. Moreover, since this representation preserves 
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Cc{X) ■ H, it induces a representation p of C{X) on H. It is straightforward to 
check that (p, H, T) is a X-cycle for K^,{X) and we get is this way a homomorphism 

(3.2) T^^^ : KKl{C^{X)X)^K,{X) 

which maps the class of (p, i?, T) to the class of (p, if, T) . 
Theorem 3.6. 1101 T~ is a isomorphism. 

We want now to study how the propagation behave under the above transfor- 
mation. So assume that X is a locally compact metric space equipped with a 
free, proper, isometric and cocompact action of T. Let 77 be a F-invariant mea- 
sure, and let rj be the measure induced on X — X /T. Let us set — L^{rj)®H 
and Hx = L'^{rj)^H. We can view C{X) as the algebra of F-invariant continuous 
and bounded functions on X and according to this, for any continuous and com- 
pactly supported function / : X — > C, then / = J^^er^if) belongs to Hj^. It is 
straightforward to check that f 1^ f extends to a unitary map Hj^ — > Hx- 

Lemma 3.7. IfT is a locally compact equivariant operator on H ^ with propagation 
less than r. Then, under the above identification between and Hx, the operator 
T is a compact operator with propagation less than r. 

Proof. Since T is equivariant and since X is cocompact, the operator T is given by 
a kernel K : X x X ^{H) such that K{^x,^y) = K{x,y) for almost all {x,y) 
in X X X and with cocompact support (for the diagonal action of F on X x X) 
of diameter less than r. Under the above identification between Hj^ and Hx, then 
for any continuous and compactly supported function f : X C, we have 

f ./ = ^7(r./)-^r.7(/). 

By viewing X as a borelian fundamental domain for the action of F on X, we get 

= E fK{x,y)f{jy)dr^{y) 

j^K{x,"f'y)f{-iiy)dr]{y) 



(7,7')er2 

E 

(7,7')er2 



E / K{i ^x,y)f(jy)dfj{y) 
I Y.K{i''x,y)f{y)dri{y) 
F{x,y)f{y)diq{y), 



X 

with 

F:XxX;(x,t/)K^E^(^^'y)- 
7er 

The kernel F is F x F-invariant and thus can be viewed as a kernel on X x X and 
thus we get T ■ f{x) — F{x,y) f{y)dr]{y). Hence T is a compact operator and 
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since F{x,y) = for almost every {x,y) \n. X x X such that d{x,y) > r, we see 
that T as propagation less than r. □ 

The previous lemma can be extended to pseudo-local operators on with finite 
propagation. Recall from [lOj that if T is a pseudo-local equivariant operator on 
Hj^ with finite propagation, then T is a pseudo-local operator on = Hx 



Lemma 3.8. With notation of lemma \377[ if T is pseudo-local T-equivariant op- 
erator on with propagation less than r. Then, the operator T is a pseudo-local 
operator with propagation less than r 

Proof. Let /i ,...,/„ be a partition of unit for X with support of diameter less than 
r. Let us set T' = X]"=i fl^'^ o q ■ T ■ fl^^ o g, where q : X ^ X is the projection 
map of the covering. Then T' — T is an equivariant locally compact oti with 

propagation less than r and thus, according to lemma 13.71 we get that T — T' is 
compact and has propagation less than r . Since T' = Y^^=i fi^"^ 'T- fl^^, then T' is 
a pseudo- local operator of propagation less than r and hence we get the result. □ 

4. The left hand side for the coarse space associated to a residually 

finite group 

The aim of this section is to state for the sources of the assembly maps the 
analogous of proposition 12.81 i.e the existence of a group homomorphism 

^x(r),* ■■ \imKK^{Pr{X{r)),C)^K'°P{T,Ar), 

r 

such that 

(4.1) *r,Ar,* ° MX(r),max,* = Mr,Ar,max,* ° ^'x(r),*- 

4.1. Rips complexes associated to a residually finite group. Let F be a 

residually finite group, finitely generated. Let Fq D Fi D . . . F„ D ... be a de- 
creasing sequence of normal finite index subgroups of F such that HigN ~ {^}- 
Recall notations of section 12.21 if d be a left invariant metric associated to any 
finite set of generators for F, then we endow F/F^ with the metric d{aTi,hTi) = 
min{d(a7i, 672), 71 and 72 in F^}. We set ^(F) = ^ F/F^ and we equip X{T) with 

a metric d such that on F/F^, then d is the metric defined above and d(F/Fi, F/F^) > 
i+j if ^T^j- 

For every integer n such that r > n, then 

n-1 / 

Pr{X{T)) = P,{]\T/T,)Y[ []P.(F/F,) 

i—l \ i>n 

where ^r(lJ"^/ T/F^) and IJi>„ ^r(r/ri) can be viewed as distinct open subsets 
of Pr{X{T)). Hence we have a splitting 

n-1 

K^{Pr{x{r))) = i^4^r(Ilr/F,))0i^,([]p.(F/F,)) 

■i—l i>n 
n-1 

(4.2) = i^*(/'r(IIr/F,))0n^*(^r(r/FO) 
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corresponding to the inclusion of the disjoint open subsets -Pr(IJ"=i^ T/Fi) and 

lJ.>„^^(r/rOintoP.(x(r)). 

Let us show that in the inductive hmit when r runs through positive real, 
K^{Pr{T/Ti)), behave like K^{Pr{T)/Ti) (recall that acts properly on Pr[T)). 
For / in Pr(F), let us define 

/:F/F,^ [0,1];7F,^ f{ig). 

Then / is a probability on F/F^. Let 7 and 7' be elements of F such that f{jTi) 7^ 
and /(7'Fi) ^ 0. Then there exists g and g' in F^ such that /(7g) ^ and f{-f'g) ^ 
0. Since / is in Pr(F), we get that d{jg,j'g) < r and hence d{jri,j'Ti) < r. Thus 
/ belongs to Pr(F/Fi), and since 7 - / = / for any 7 in F^, we finally obtain 
a continuous map v^^i ■ Pr{T)/Ti Pr(F/Fj);/ 1-^ f, where / is the class in 
Pr{T)/Ti of / in Pr(r)- For a positive real r and an integer n, let 

A*,r.n : n K,{Pr(T)/rk)^ [J ^*(^r(F/Ffe)) 

be the homomorphism induced on the k-th factor by the map 

Pr{T)/Tk ^ P.(F/Ffc); f^f. 

Lemma 4.1. Let i be an integer such that Br{e, 2r) HTi — {e}. Let {71, • • • , 7„} 
and {7J, • • • ,7,'j} be subsets o/F of diameter less than r and such that Ijl' j is in 
Ti for all j in {1, • • • , n}, then Ij^i'j ^ = Ikl' k ^ /"'^ '^^^ 3 ^''^d k in {1, • • • , n}. 
Proof. We have c?(7i,7j) < r and ^(7^,7^) < r for all j in {1, • • • ,n}. Let us set 
9 = lil'i^- Then 

rf(7j , 91 J ) < d{-fj,ji) + d{-fi, gj'j ) 

< c?(7j,7i) + %7i,57j-) 

< c^(7j,7i) + rf(7i,7j) 

< 2r. 

Hence, since F^ is normal, ij^gi'j — [ij^ gij)lj'^ belongs to i3r(e, 2r)nFi 
and thus 7^ = g^'^ □ 

Let i be an integer such that i3r(e,4r) n F^ = {e}. Let h be an element of 
Pr(F/Fi). We can choose a finite subset {71, • • • , 7„} of diameter less than 2r such 
that the support of h lies in {7iFi,- • • ,7„Fi}. According to lemma l4Tl a such 
subset is unique up to left translations by an element of F^. Let us define h in 
-F2r(F)/Fj as the class of the probability of Pr(F) with support in {71,- •• ,7n} 
with value on an element 7 in that set ft. (7) — h{'-fTi). It is straightforward to 

check that if h is in Pr{T/Ti), then h is the image of h under the inclusion map 
P^(F/F,) ^ P2r(F/Fi). If / is an element of Pr(F), then since Br(e, r) n F^ = {e}, 
the intersection of the support of / with any jTi for 7 in F has at most one element. 

Hence, according to lemma l4?l] / is the image of the class of / in Pr(F)/Fj under 
the inclusion Pr(F)/Fi P2r(F)/F,. 

Lemma 4.2. Let r be a positive real and let i be an integer such that Br{e, r)r\Ti — 
{e}. Then the action ofVi on P(F) is free. 
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Proof. Let / be an element of Pr(r)- 1 ■ f — f with 7 in Fi, then the support of 
/ is invariant under the action of 7. In particular, J = gi ■ with gi and (72 in 
the support of /. Hence 7 is in -Br(e, r) D Ti and thus 7 = 6. □ 

In consequence, with condition of the lemma above, -Pr(r) Pr{^)/^i is a 
covering map and since has finite index in F, this covering is cocompact. 



4.2. Construction of 5'x(r)- For a positive real r and an integer n, such that 
r > n and Br(e, 4r) n r„ = {e} let us define 

• «'i_,_„ : if4P,(X(r))) ^ n,>„^*(^r(r/F,)) the projection homomor- 
phism corresponding to the decomposition in equation 14.21 of section 14.11 

• *L,„ : Uk>nK*{Prir/rk))^Uk>nK*iP2rir)/Tk) the homomorphism 
induced on the k-th factor by the maps PriT/Tk) P2r(r)/^k', h h. 

Kr,n ■■ n ^*(^r(r)/Ffe)— > [] K ^ (P^ (T) , C) 
k>n k>n 

the homomorphism given on the fc-th factor by the inverse of the isomor- 



phism ^pli^r).* ■ KKi''{Pr(T),C) ^ K^{Prir)/rk) (see section[3ll). 

• Kr,n ■■ nk>nKK^''{Pr{r),C)^Uk>nKKUPr{T),C(T/Tk)) thc homO- 

morphism given on thc k-th factor by the induction homomorphism Ip' ^ 
(see section [3^ . 

• ^lr,n■■U^>nKKl{Pri^),Ci^/^,))-^KKliPr(T),i^iU.>^T/T.,ICiH))) 

the inverse of the isomorphism Q^'^ of proposition l3 .41 applied to the family 

^= (C(F/r,)),eN; 

. : KKliPr{T),£°°iU,>r,T/T,,IC{H)))-^KKl{Prir),Ar) the homo- 

morphism induced by the F-equivariant epimorphism 

£°°(u>„r/r„/c(if))^Ar. 

Remark 4.3. (i) Let us also define for any real r and r' such that < r < r' 
the homomorphisms 

W' ■ n ^*(^'r(r/r,))— > n K^{Pr'{T/T,)) 

k>n k>n 

and 

: n ^*(^.(r/)r,)^ n ^*(^.'(r/rfe) 

k>n k>n 

respectively induced on the k-th factor by the inclusions PriT/Tk) s- Pj,/(F/rfc) 
and Pr{T)/Tk ^ Pr'(T)/Tk. According to the discussion that follows 
lemma \4J] and with notations of section \^.l\ if n is chosen such that n < r 
and _Br(e,4r) n F^ = {e}, then 

/ A n\ T 2 A /k^n 

(4.3) W^,,„oA*,r,n = >'*,r,2r 

and 

(4.4) A,^2.,„ovI;2 „ ^ ,J>". 
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(ii) Using the same argument as in the proof of proposition \3.4\ we get that 
^'l rn restricts to an isomorphism 

^KKl{Pr{r),c{r/r,)) ^ i^iff(p,(r),Co(u,>„r/r„/c(/f))). 

According to the next lemma, r n epimorphism. 
Proposition 4.4. The equivariant short exact sequence 

o^Co(u,>„r/r„ /c(if))^^°°(u,>„r/r„ iciH))—^Ar-^o 

gives rise to a short exact sequence 

O^KKl{Pr{T),Co{U,>„T/T,,IC{H)))-^ 

KKl{Pr{T)J°°{U,>nT/T,,JC{H)))^KKl{Pr{T),Ar)^0. 

Proof. Using tlie six-term exact sequence associated to an equivariant short exact 
sequence of C*-algebras, this amounts to show that the inclusion 

i : Co(u,>„r/r„/c(i/)) ^ ^°°(u,>„r/r„/c(i/)) 

induces a monomorphism 

: if<(p,(r),C7o(u,>„r/r„/c(i/))) ^ if<(p,(r),^°°(u,>„r/r„/c(i7))). 

According to remark 14.31 and to proposition 13. 4| we have a splitting 

ifi^r(p,(r),Co(u,>„r/r„/c(i?))) - 0i^<(p,(r),c(r/r,)) 

i>n 

and an isomorphism 

KK^{Pr{T),i°-{U,>nr/r,,IC{H))) = l[KK^{PriT),C{T/T,)). 

Up to these identifications, is the inclusion 

^KKl{Pr{T),C{T/T,)) ^\{KKl{Pr{T),C{V/V,)). 

□ 

Remark 4.5. Taking the inductive limit over all the Pr{T), we get a short exact 
sequence 

o^Kl^piT, Co(u,;>„r/r„/c(i?)))— . 

In the same way, since the composition 

0if*(C(r/r„/c(i/))>^™a.r) ^ i^,([]c(r/r„/c(i7))x„„j) 

is injective, where the second map is induced on the k-th factor by the projec- 
tion Y[i>n^(^/^i' ^(-^)) ^ C'(r/rfc, /C(iJ)), the exact sequence for maximal cross 
product 

o^Co (u,>„r/r„ /c(ii)) >^ ™a.r-^£°° (u,>„r/r„ /c(i?)) >^ ™a.r^Ar X ™a.r^o 
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gives rise to a short exact sequence 

0^ ©,>„ i^.(Co(r/r„/c(i7))x„,,r)^ 

(u,>„r/r, ,ic{H))x ma.r)^K, {Ar yo ™a.r) ^0 

and moreover, the assembly maps intertwin the corresponding above exact sequences 

Let r be a positive real and let n be an integer such that n < r and Br{e, 4r) n 
r„ = {e}. Let us define 

by 

Notice that 'J'*,r,Ti does not depend on the choice of the integer n such that n < r 
and Br(e,4r) n r„ = {e}. 

For any positive real r and r' such that r < r' , let 

4^,^, : Xiff (P.(r), Ar) ^ KKl{Pr,{T),Ar) 

be the honiomorphism induced by the inclusion Pr(r) C -Pr'(r). 

Lemma 4.6. i^or every element y in K {Pj- (T) , Ar) , there exists an element x 
m KK^{Pr{X {r)),C) such that = il'^^2riv)- 

Proof. According to proposition 14. 4| the honiomorphism 2r n onto. Since 
**.2r,n:**.2r,n ^^'^ **,2r,n isomorphisms, there exists a z in K^,{Pr(r)/ri) 
such that y — „ o ^ „ o ^f^J ^ „ o 5"!^ Using equation [1751 we have 

and since ^'i^n is onto, there exists an element x in if* (Pr(Ar(r))) such that 
A*,r,n(z) = ^\ rni^)- The lemma is then a consequence of the equality 

□ 

Let us denote for a pair of real r and r' such that < r < r' hy L^^r,r '■ 
K.4Pr{X{T))) — > A% (P,./ (X (r) ) ) the morphism induced by the inclusion P^ (x'(r) ) C 
Pr' {X{T)). The class Fq of F/Fq can be viewed as an element of P,.(X(r)) and this 
inclusion induces a homomorphism 

K,,, : Z = K,{{[To]})^K,{Pr{X{r))). 

Lemma 4.7. Let x be an element of K■^,{Pr{X{T))) such that '^/■^,,r{x) — 0, then 
there exists a real r' such that r < r' such that rr'i^) *^ range of K^,y . 

Proof. Let us fix a integer n such that n> r and Pr(e,4r) n F„ = {e}. According 
to proposition 14.41 

^ o^"' o o *]/^ o o vp^ o vl/i Cr") P 

*,2r,n *,2r,n *,2r,n *,r,n *,r,n\ / ^ 

if<(P2,(r),Co(U,>„F/F„/C(i/))) c if<(P2,(F),£°°(X(F),/C(i/))). 
In view of remark [4.31 we get that 

*t2.,n O **.2.,n « ° ^ i^<(P2.(r), C(r/F,)). 

k>n 
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Since 'I'^ 2r n ^^'^ ^* 2r n fsstricts on direct summands to isomorphisms, then we 
get that ^lrn°^lrn{x) li^s in 0fc>„ KK^{P2r{T)/Tk,C). According to equation 

<7"2r ° K,rJ^) = K,2r,n ° ^ S K K ^P^riT /T k) , C). 

A;>n 

But then r2r{^) liss in a finite sum of summands of 0^,^^^ iiri4r*(F2r(r)/rfc, C) 
and thus we get that for some integer m and some real s with s > 2r and 
m > sup{n, s}, then l*},s {x) belongs to -ftriir*(Ps(Uo<fc<mr/rfc), C). But since 
lJo<fc<m r/Ffc is finite, Ps(Uo<fc<mr/r/c) is compact and up to choose a bigger s is 

also convex. Hence, rJt{x) lies in the range of for r' big enough. □ 

It is straightforward to check that 'i'^y ° ^ / ~ V r' ° ^*,r ^^'^ thus the family 
of homomorphism (5'*.r)r<o gives rise to a homomorphism 

^-xiD,* : limKK4Pr{X{r)),C)^Kl°P{T,Ar). 

r 

Let be the image of (any) K*,r(l) in limr KK^{Pr{X{T)),C). As a consequence 
of lemmas 14.61 and 14.71 we get 

Theorem 4.8. 

• *x(r),* «s onto; 

• In odd degree, ^x(r),* an isomorphism; 

• /n even degree, ker5'x(r).* is the infinite cyclic group generated by Xq; 

4.3. Compatibility of 5'x(r),* with the assembly maps. The proof of equation 
14.11 require some preliminary work. For a locally compact and proper F-space X, 
the notion of standard-X-module, was extended to the equivariant case in [15] as 
follows. 

Definition 4.9. Let X be a locally compact and proper T- space, let H be aV-Hilbert 
space. A non-degenarated T-equivariant representation p : Co{X) L{H) is called 
X-T -ample if when extended to Co(X)xF, then p(Co(X)xF) n 1C{H) = {0}. 

Example 4.10. // r/ is a T-invariant measure on -Pr(r) fully supported i.e with 
support Pr(r) o.'nd if H is a separable Hilbert space, then L'^{r])(^H equipped with 
the diagonal action o/F, trivial on H together with the representation 

Pr : Co(P.(F)) L{L\ri)®H)- f ^ f<g>ldH 

is an X-T-ample representation. The reason is that Pr(r) contains as a T-space a 
copy o/F X y, where Y is a open subset of Pr{T), and where F acts diagonally, by 
left translations on F and trivially on Y . 

Lemma 4.11. Let X be locally compact and proper T-space, let Hq and Hi be two 
T-Hilbert spaces and let pi : Cq{X) —f L{Hi) for i = 0, 1 be two non- degenerated 
and T-equivariant representation. Assume that po is X-T-ample. Then there exists 

• H2 a T-Hilbert space; 

• P2 '■ CoiX) — !■ L{H2) a non- degenerated T-equivariant representation; 

• U : Hi ® H2 ^ Hq a unitary 
such that for every f in Co{X), 

U-{pi® p2){f) - poif) ■ U e /C(Hi e H2,Ho). 
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Proof. Up to replace pi bypo (B Pi, we can assume without loss of generality that pi 
is also X-T-ample. Then, according to |15j . there exists an F-equivariant isometry 
W -.Hi^ Ho such that W ■ pi{f) - poif) -W is in /C(i/i, i/o) for every / in Co(X). 
Let us set P = Id^o — W ■ W*. Now, by using the completly positive map 

Co{X)^LiP-Ho); f^P-po{f)-P, 
we can use the proof of ',8, Theorem 3.4.6] to conclude. □ 

From this and by using next lemma, we can prove that if X is a locally compact 
and proper F-space, then every element in KK^{X, C) can be represented by a K- 
cycle supported on a prescribed X-F-ample and non-degenerated representation. 

Lemma 4.12. Let G be a locally compact group and let A and B be two G-algebras. 
Let {p,£, T) be a K -cycle for KK^{A, B) and let p' be an equivariant representation 
of A on the right B-Hilbert module £ such that p[a) — p' {a) is compact for all a in 
A. Then {p',£,T) is a K-cycle for KK^{A, B) equivalent to {p,£,T). 

Proof It is clear that {p',£,T) is a K-cyc\e for KKf{A,B). Then 

/ cost7r/2 — sint7r/2\ /T \ ( cost7r/2 sini7r/2 \ 
\^sint7r/2 cost7r/2 / ' VO We j ' \^-sint7r/2 cost7r/2 JjgjQj^j 

provides a homotopy between the if-cycles (p p', f T Ids) and {p(B p',£ (B 
£,ldE(ST). □ 

Corollary 4.13. Let X be a locally compact and proper T-space and let px be a X- 

T -ample representation of Co{X) on a T-Hilbert space Hx- Then every element of 
KK^{X, C) can be represented by a K-cycle [pxi Hx, T) where T is a T-equivariant 
operator on Hx- 

We fix once for all a separable Hilbert space H and for each real r a F-invariant 
measure 77^ on -Pr(r) fully supported. Let us consider Hp^i^^) = L'^iVr) ® H with 
the X-F-ample representation pr defined in example 14.101 Define ^''"*(i/p^,(p')) as 
the *-algebra of pseudo-local, Fi-equivariant and finite propagation operators on 
i/p^,(r)- An element of (i7p^(r)) is called a K-cycle if it satisfies the K-cycle 
condition with respect to pr- 

Lemma 4.14. Let x be an element of KK^{Pr{V)4°°{X{V),K,{H))). Then there 
exists a real s and a family {Ti)i(z-^ of bounded operators on Hp^(j^) such that 

(i) Tj is a K-cycle of '^^^{Pr{T)) of propagation less than s and \\Ti\\ < 1 for 
every integer i; 

(ii) Under the identification 

i°°iX,IC{H,Hp^^r))) ^l[CiT/T,,ICiH,Hp^^r))) = JC{H, Hp^^^)), 

ieN iGN 

then 

{{ll^ p,),6N, ^°°(X,/C(i/,i/p^(r))), (I?. T,).gn) 

is a K-cycle that represents x. 

(iii) Lf Xi is the class of {pr,Hp^,(Y),Ti) in ifi^Tf '(Pr(r), C), then 8*"^(a;) — 
(Ip. Xi))i(zii, with A = (C(F/Fi))igN, 
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Proof. Item (iii) is a consequence of item (ii) together with proposition l3.4l Accord- 
ing to the discussion following propositon l3.41 we can assume that x is represented 
by a K-cycle ((0i)igN, HieN ^c(r/ri) (C(r/ri, i/), (Tj)jeN) such that for all in- 
teger i 

• £i is a F-equivariant C(r/ri)-Hilbert module; 

• is a F-equivariant adjointable operator on Si with ||Ti|| < 1; 

• (pi is SL F-equivariant representation of Co(Pr(r)) on Si] 

• Co{Pr(r)) and Ti act then on JCc{r/ri){H,£i) by left composition. 

But for every integer i, there exist a Fi-Hilbert space Hi, a Fi-equivariant represen- 
tation ^i of Co{Pr{T)) on Hi and a Fi-equivariant bounded operator Fi on Hi such 
that £i = Ip. Hi, 4>i — Ip. -tpi and Ti — Ip. F-. Up to replace Hi by the F-Hilbert 
space induced by the inclusion F^ ^ F, we can assume that Hi is a F-Hilbert 
which is up to add the degenerated K-cycle {pr, Hp^(^Y),^<iHp^,^r)) can be chosen 
X-F-ample. By adding the degenerated K-cycle 

( ^fc, H,, Id^J, 

we can assume that Hi = Hq and tpi — tpo- According to lemma I4.1H by taking 
an unitary equivalence of K-cycle, we can assume that Hq ~ _ffp^,(p) and that 
^o(/) — Pr(/) € lC{Hp^,(^r^) for every integer / in Co{Pr{T)). It is straightforward 
to check that 

((Ir. Pr)ieN, £°°{X,)C{H,Hp^(^p-))), (Ip^ Fi)^^^) 

is a K-cycle for ifi^Tf (P^(F), ^°°(X(F), /C(i7))), which is by proposition [Ol and 
lemma l4 . 1 2 1 equivalent to 

If / G Cc{Pr(r), [0, 1]) is a cut-off function for the action of F on Pr(r), then up 
to replace F — (Ip. by J2j£r^(f)Flif)i we can assume that there exists a 

real s such that for all integer i the operator Fi has propagation less than s. □ 

SetC = £°°(X(F),/C(if,£2(r(^ff)) and let Cr be the right £°°(X(F), /C(i/)) x^axF- 
Hilbert module constructed from ( in sectionO Viewing e^{T)<^i°°{X{T),IC{H)) 
as a right £°°(X(F), /C(ir))-Hilbert submodule of £°°(X(F), /C(i/, ^^(r) H)), we 
see that 

C,(F)-^°°(X(F),/C(i7,^2(p)^^)) ^ Cc(F) • (£2(p)^£oo^^^P)^^(^))^ 

- Ce(F)®^°°(X(F),/C(i/)) 

and under this identification, we get that 

Ce(F) <E> e°-{X{T),IC{H)) ^ £°-\X{T),IC{H))^,^,^r; <E> a ^ 7-\a)S^-^ 
extends to isomorphism of right i?°°(X(F), /C(i/)) Xmaxr-Hilbcrt module 

(4.5) Cr ^ £°°(X(F),/C(i/))x„,axr. 

Define for i integer ^''"•(F) as the *-algebras of pseudo-local, Fi-equivariant and 
finite propagation operators on £^(r) (g) H. 
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Lemma 4.15. Let {Si)i£ti be a family in IlieN (-'^) uniformally hounded and 
with propagation uniformally bounded by a real s. Then under the identification 

C = n C{T/T,,tC{H, e{T) ®H))^\{ ]C{H, e{T) (g> H)), 

(i) there exists a unique multiplier Ar(S'i)igN of £°°{X{T),IC{H))y]rnaxr which 
under the identification ^r— ^°°(^(r),/C(-ff))Xmaxr restricts to (Ip. S'i)igN 
on Cc{T) ■ C- 

(ii) The multiplier image of Xr{Si)i^iq under the canonical projection 
and the multiplier image of ® jgpj Si under the map 

coincide. 

Proof. Let us prove first the lemma for a family (S'i)igN of locally compact opera- 
tors. Since such families are algebraically generated by families 

• (/i)ieN uniformally bounded with /; in C(T /Ti, IC{H)) acting by pointwise 
multiplication; 

• (_R-y)igN, for 7 in F, where R-y is induced by the right regular representation 
on e^{T)(g)H, 

this amounts to prove the lemma for these families. 

Then the elements of €°°(X(r), /C(7?)) XmaxF given by 

• the image of (/i)igN viewed as element of £^{X{T), JC{H)) under the inclu- 
sion £°°{X{T),1C{H)) ^ ^°°(X(r),/C(iJ))>^,naxr for the first case. 

• the element 6^ S ^°°(X(r), /C(-ff)) Xmaxr for the family {Rj)i^fi, where 6^ 
be the Dirac function at 7. 

satisfy the required property. For a family {Si)i^iq of pseudo-local operators, 
let us set for i integer S*,' = J2^er ^-y^i^-y- Then S*,- — Si is Fi-equi variant and 
locally compact for all integer i. Moreover, as already mention in subsection 
13.11 (Ip. 5'j')igN — J2-yeT ^ji^Ti Si)i(^NS-y extends to an adjointable operator of (r 
and thereby to a multiplier Ar(S'-)ieN of ^°°(X(F), /C(iJ)) xi^axF. We then set 
Ar(<5'i)igN = Ar(S'j')ieN + Ar(S'i — S'QigN- Unicity is quite obvious. Since pseudo- 
local operator on £^(F)(g)i/ are multiplier for locally compact operator, we get item 
(ii) by multiplicativity of (S'i)jgN >^riSi)ieN and of (S'i)ieN 0jgN '^i- ^ 

we are now in position to prove the main theorem of the section. 

Theorem 4.16. Let T be a residually finite and finitely generated discrete group 
with respect to a sequence Fq C ■ • • F„ C • ■ ■ of finite index normal subgroups. Then 
if we set X(T) = UnGN-'^/Tj; have 

^'r.Ar,* ° lJ-X{r),max,* — l^r,Ar,max,* ° *X(r),*- 

Proof. Let r be a real and let n be any integer such that 2r < n and B{e, 4r)nF„ = 
{e}. Then 

n-l 

(4.6) K4Pr{x{T))) = K^iPriJl F/FO) © J] ^*(^^(r/r.)). 

2—1 i>n 
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If under this identification, x comes from A'*(P, (]J"^-^^ T/Ti)), then 'i'x{r).*{x) — 
and using the naturahty of the assembly map, we can see that /ix(r).max,* lies in 
K*iC*ma.iU::Zl^/'^^)) C if* (C;„,, (X(r))) and hence ^r,Ar,*o f^x(r)..m..A^) = 0. 
Thereby, we have to prove that ^I^r,* ° ^J'Xi^),max.*{x) = Mr,Ar,max.* ° 5** (a;), for ele- 
ment X coming under the identification of equation l4.6l from x' in ni>Ti K*{Pr(r /^i))- 
According to equation 14.41 and up to replace r by 2r, we can assume that x' = 
^*,r,n{y), with y in Yliy^ ^*i-^r{r)/^i)- We can assume indeed without loss of 
generality that n — and that the action of Ti on Pr(r) is free for all integer i. 
From now on, we will write A* (resp. i ~ 1, - • • ,6) instead of A*^r,o (resp. 
'i/l^.^o^i = !,■■■ ,6). Letussetz = *2(2/) ml\.,eN KKl^{Co{Pr{r)),C). The proof 
of the theorem is divided in the following steps. 

First Step: Assume that z is given by a family of K-cycles (pp^(r)i iipr(r)i ^OieN 
such that for a real s, then for all integer i the operator Ti is Fi-equivariant 
with 1 1 Til I < 1 and has propagation less than s. Let us set iJp^^p-j/p. = 
L^{^^r,^)®H and pp„(r)/r, : Co(P.(r)/F,) ^ l.{L^{ri„)®H)- f ^ f^Idn 
where for all integer i, the measure ry^^i is induced by rjr on Pr{T)/Ti. Let 
us choose a F-equivariant coarse map 4>r ■ -Pr(r) — > F. Then (j)r is a coarse 
equivalence and induces a coarse equivalence 

0r : U ^r(r)/F,^ YL W - ^(r). 

Let us show that with notations of section [^751 

(4-7) fix(r) 

where (BkeNT'^ is viewed as an operator on the non-degenerated standard 
UfceN fr(r)/Ffe-module Qketi Hp^(r)/rk i^^i the representation ®iefiPHp,^^ry^i)■ 

Let Wr,fc : Pr(r)/Ffc Pr{T /Tk); h h he the map defined in sec- 
tion [l] Notice that the family {vr.k)<£N induces a coarse equivalence Vr : 
IJfcGN-P'-(r)/rfc — * UfceN ^r(r/Ffe). Moreover, if we set 

0fc : Co(Pr(r/Ffc)) -> L(iJp^(r)/rJ; / >-> pp,(r)/rfc(/ o t'r.fc), 

then x' — A*(y) is the class of the K-cycle 

(00.,0iip.(r)/r.,05^) 

VfceN keti ken / 

in K^{]Ji^^j^{Pr(r /T k)) ■ For any non-degenerated standard Pr(r/rfe)-module 
Hk given by a representation pfc, then (l)k®Pk also provides a non-degenerated 
standard Pr(r/Ffc))-Hilbert module structure for Hp^fj-y^k ®Hk- Since the 
K-cycles 

(00fe,0i?P.(r)/r.,0?\) 

VfceN fceN fceN / 

and 

I 0fe © Pfc, Hp^^r)/r, © 5\ e Idff, J 

VfeeN feSN fcsN / 
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are equivalent, we get that 

MX(r),max,*(2;) = ■0r,max,* Indmax.U^^^ P,(r/rfc) ^ ^fe ® W//^ , 

fceN 

where ipr ■ UigN ^'"(-'^/^fe) ^ ^(r) is any coarse equivalence. Since the 
inclusion ®keN ^Pr{r)/rk ^ 0fceN ^P. (r)/rfc ® -fffc covers the coarse map 
■■ UkmPr{r)/Tk ^ UkmPrir/Tk), we get that 

Indi„ax,nj^j,„p,(r/rfc) (^kenTk (Sldn^'^ = Ur,max,* Indi„ax,nj^g„ Pr(r)/rfc (^©fceN^fc) ■ 

Notice that since (j)r and o Vr are both coarse equivalence between 
\lkGNPr(r)/Tk and X(r), then 0r,max,* = V^r.max,* ° Wr,max,* and hcncc 
we get the equality of equation 14.71 
Second step: According to [TS], there exists an F-equivariant isometric Wr : 
Hp^(r) l'^{V)®H that covers 0^ : Pr{V) T. Then, if W^,fc : Hp^^^r/r^) ^ 
^^(r/Ffc) (g) H stands for the isometry induced by Wr for all integer k, then 

fceN fcsN fcGN 

is an isometric that covers (f>r and thus 

^r,max,* Indmax,UfceHPr(r)/rfc ^fc = 

fcGN 

Indmax,n,g„r/r, W^.fcTfeM/^ + Idf2(r/r,)»ff -W^r,fcW^;,fc 
Finally we get that 

/^X(r),max,* 

fcGN 

= Ind^ax,u,,, r/r. W^^^W,* + Id,2(p/r,)»ff -IW; 
Third step: By naturallity of the assembly map, we get that 

Mr,Ar,max,* ° **(a;) = *r,* ° A^r/~(X(r),K;(ff)),max,*(^'): 

where 

• z' is the element in i^i°^(F,£°°(X(F),/C(i/))) coming from *5o5»4(^-) ^ 

• : ^°°(X(F),/C(i?))ximaxr ^ Ar>^maxr is iuduccd by the projection 
: e°°{X{r),IC{H)) Ar. 

Let us compute A*r,i!~(x(r)x(H)),max,*(2')- 

According to lemma 14.111 under the identification 

i^{X{r),IC{H,Hp^^r))) - n^(r/F,;,/C(iJ,i/p^(r))) = J]!?, ^(i?, i?p.(r)), 

iefi iGN 

the element ^'^0*4(2) of ifi^n^r(r), £°°(X(F), /C(i?))) can be represented 
by a K-cycle 

where 
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• Fi is a. K-cycle of *^'(Pr(r)) with ||^;|| < 1 for all integer i; 

• there exists a real s such that Fi has propagation less than s for all 
integer i; 

• if Xi is the class of {pr, -ffp,,(r) ,Fi) in KK^'{Pr{r),C) then z — (a;i)igN- 
Moreover, if we set £ = e°°{X{T),K.{H,Hp^^r))) and F = (l^^ F^)^ah we 
can assume by averaging by a cut-of function for the action of F on -Pr(r) 
that F ■ Cc{Fr(r)) ■ £ C Cc(Pr(r)) • £. Let us also set 

C^i°°{X{V),]C{H,e{T)®H)) 

and let £t and be the right €°°(X(r),/C(7J))Xinaxr-inodule constructed 
in section [3?T] respectively from £ and C- Since the isometrie 

has finite propagation, it induces a map 

Cc(P.(r)) • £ ^ a(r) . c; / ^-^ o /, 

which extends to an isometrie Wr ■ £r Cr- As we have seen before, Cr is a 
right-£°° (X(r),/C(i?))x inaxF module isomorphic to (X (F) , /C (i? ) ) x ,„axr 
and in view of this, £r is a direct factor of £°°{X{r),JC{H))»^i^jJ'. More- 
over, if Fr is the operator of fr extending Cc{T) ■ £ Cc{T) • f ; / i-^ To /, 
then we get with notations of lemma 14.151 that 

Xr{WrF,w: + Id,2(r)«H -W,VK;),6n = WrFp • + Id^r -WrW^. 

Hence Mr,£~(x(r),/c(//)),*(-2') is the class in if*(f°°(X(r),/C(ff))Xmaxr) of 
the K-cycle {£°°{X{r),)CiH))^^,j:,XriWrF,W;+ldp(^r)»H -WrW;),eN)- 
The theorem is then a consequence of lemma 14.151 

□ 

4.4. Applications. We end this section with application concerning injectivity and 
bijectivity of the maximal coarse Baum-Connes assembly map. Let F be a residually 
finite and finitely generated discrete group with respect to a fixed sequence Fo C 
• • • F„ C • • • of finite index normal subgroups. Recall that we have defined ^(F) = 
]Jf/F, and Ar = l°^'{X{r),IC{H))/Co{X{T),IC{H)). We can formulate corollary 

12.111 theorem 14.81 and theorem 14.161 together as follows: We have a commutative 
diagram 

> Z > lm-irKa{Pr{X{T))) l^^^^iL, xt°P(r,^r) > 

= 1 A^xcrj.max,.! Mr, Ar, max,. I 

> Z > Ko{C*^,,{X{T))) ^^^^ i^o(^rxmaxr) > 

with exact rows and a commutative diagram 

\i^rKK^{Pr{X{T))) ^^^^ KT''{T,Ar) 

A'X(r),max,* A'r,Ap,max,* 

K,{C*^,Mm ^^^^ i^i(Arx„.axF) 
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From this commutative diagram, wc can deduce the foUowing series of results con- 
cerning injectivity and bijectivity of assembly maps. 

Theorem 4.17. The following assertions are equivalent: 

(i) The maximal coarse assembly map 

MJf(r),™a.,* : limif,(P,(X(r)),C) -> K,{C*^,,{X{T))) 

r 

is an isomorphism. 

(ii) the maximal assembly map 

is an isomorphism. 

Example of groups that satisfies item (ii) of the theorem are provided by groups 
that satisfy the so called strong Baum-Connes conjecture. Recall first that a F- 
algebra D is said to be a proper F-algebra, if D is a Co(^)-algebra for some proper 
F-space Z in such a way that the structure map $ : Co{Z) ZM{D) is F- 
equivariant. A group F satisfies the strong Baum-Connes conjecture if there exist, 
a proper F-algebra D, an element a in KK^{D, C) and a element (3 in KK^{C, D) 
such that /3 a is the unit of KK^{C, C). It is well know (see [Tl for instance) 
that if F satisfies the strong Baum-Connes conjecture, then /ir.B.max ■ a1°p(f,b) ^ 
-ftr*(-B XI ijiaxF) is an isomorphism for every F-algebra B. As a consequence, we get 

Corollary 4.18. IfT satisfies the strong Baum-Connes conjecture, then 

lix(T).n.a. ■■ limif,(P,(X(F)),C) ^ K.,{C:,,,{X{T))) 

is an isomorphism. 

As a particular case, we obtain 

Corollary 4.19. If T is a group with the Haagerup property, then 

fix(r),ma.,* ■■ limif,(P,(X(F)),C) ^ if,(C;;„,(X(F))) 

r 

is an isomorphism. 

Example 4.20. // F = SL2{Z) and Ffe = ker : SL2(Z) — >SL2{1/k'L), then 
fix{r),max.* is an isomorphism while l-J.x{r),* is not surjective. 

Remark 4.21. // the group F has the Kazdhan property (T), then the family of pro- 
jectors corresponding to the 0-eigenvalue of the Laplacians of the family (F/Fi)igN 
provides a projector p in C*j^^^{X{T)) [3]. We know from (7, that the image in 
Ko{C*{X{T))) of the class of p under the homomorphism 

Xx(r),* ■■ i^o(C;,,(X(F))) ^ KoiC*iXiT))) 
is not in the range of the coarse assembly map 

^ixin. ■■ limif,(P,(X(F)),C) ^ K4C*{X{T))). 
Hence, according to remark \2. 2(A the assembly map fJ-x{r),max,* is not surjective. 

Recall from 14J that if the group F satisfies the strong Baum-Connes con- 
jecture, then F is K-amenable and in particular, the K-theory of reduced and 
maximal crossed product coincide. This allows to get explicit computation for 
K^,{C^a^{X{r))) in the following situation. 
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Corollary 4.22. If T satisfies the strong Baum-Connes conjecture and admits a 
universal example for proper action which is simplicial, with simplicial and cocom- 
pact action of T, then we have a short exact sequence 

^ z ^ Ko{c*^aAx{m ^ n Koicu^.))/ Ko{c*ur,)) ^ 

and an isomorphism 

ifi(c;,_(x(r))) ^ n^i(^-<i(r,))/0ifi(c;,,(r,)). 

Proof. First notice that since T is K-amenable, then 

Ar,Ar,* : A'*(ylrximaxr) K*i^r >^rcdr). 
Let us show that we have an isorniorphim 

KMr XredT) ^ n^*(^rcd(r.))/0i^*(C;ed(r.))- 

Let us consider the following commutative diagram 



U.^,,KT^{r,c{r/r,j) """"^'"'^^^-"'""^'""'-^ u.enK.{C{r/r,,ic{H)) x^^^^r) 

where the vertical arrow are induced on the fc-th factor by the projection 
]lC{T/T,,JC{H)) ^ C{V/Tk,lC{H)). 

iGN 

But since the group T admits a universal example for proper action which is sim- 
plicial, with simplicial and cocompact action of F, then the left vertical arrow is an 
isomorphism. Since F satisfies the Baum-Connes conjecture, then the horizontal 
map are also isomorphism. Hence the right vertical map is also an isomorphism 
and hence the result is a consequence of remark 14.51 and of the Morita equivalence 
between C(F/Fi ) x „d L and C;^^ i^i)- ^ 

Regarding injectivity we have similar results. 

Theorem 4.23. The following assertions are equivalent: 

(i) The maximal coarse assembly map 

lix(r),ma.,* ■■ limif,(P,(X(F)),C) ^ if,(C;„„,(X(F))) 

is injective. 

(ii) the maximal assembly map 

Mr,Ar,Tnaa:, * 

: KI°P(T,At) -> if * (^r X maajL) 

is injective. 

We can also deduce the following result concerning the (usual) coarse Baum- 
Connes conjecture. 
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Theorem 4.24. Assume that the assembly map 

■.Kl''P{T,Ar)^K,{Ar XredT) 
is injective . Then the coarse assembly map 

Mx(r),* : limif4P,(X(r)),C) ^ X,(C*(X(r))) 

is also injective. 

Proof. In the even case, let us consider the following diagram 

> Z > MmrKK^ {Pr{X {r)),C) 1^^^ X*°P(r,Ar) > 

Mr, Ar, max,. I 

. z > ifo(c,;,,(x(r))) """""""""^ ifo(Arx,„axr) > o 

Z > KoiC*iXiT))) j^o(Ar XrcdT) 

where the bottom left corner horizontal arrow is induced by the inclusion 

IC{l^{X{r))(»H) ^ C*{X{T)) 

and is according to remark 12.121 injective. Thereby, since the top row is exact, 
we get that injectivity of /ir,Ar,max,* = ^r,Ar ° /^r,Ar,max,* implies injectivity of 
A^x(r),* — ^x{r) ° l^x(r),-ma.x,* D 

It was proved in 13J that for a group T which embeds uniformally in a Hilbert 
space, then fir,B.* is injective for any F-algebra B. As a consequence we obtain 

Corollary 4.25. Let T be a group uniformally embeddable in a Hilbert space, then 
the coarse assembly map 

/ix(r),* : limif,(P,(X(r)),C) ^ K,{C*{X{T))) 

r 

is injective. 

The last application is to rational injectivity of /^x (r),max,*- Theorem l4.24l admits 
an obvious rational version. This allowed to recover the following result of 4 

Theorem 4.26. Assume that T admits a universal example for proper action which 
is simplicial and with simplicial and cocompact action of T. If ^v.Cmax,* is ra- 
tionnaly injective, then fJ-x{r).max.* is also rationnaly injective. 

Proof. Since rationnal injectivity of /i.,c,max,* is inherited by finite index subgroups, 
we get under the hypothesis of the theorem that /xri,c,inax,* is rationnaly injective 
for all integer i. Since assembly maps are compatible with induction, we get that 
Mr,c(r /ri),inax.* is rationnaly injective. According to corollary [33] and since we have 
the commutative diagram 
(4.8) 

Al°p(r,£-(x(r),/c(i/))) > if,(£-(x(r),/c(i/))x,naxr) 

Mr.f°° (x(r),K:(ff)) ,max,» 



a,N^^°'^(r,c(r/r,)) ^^^""'^''^'''""■^^""> n,eN^*(c^(r/r,)x.naxr) 



MX(r) ,max,« 



-^x(r),» 
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where the vertical arrows are induced on the fc-th factor up to Morita equivalence 
by the projection n,eN^°°(X(r), /C(iJ)) ^ C{T /Tk, IC{H)), we see that 

is rationnaly injective. As we have already seen before, the assembly is also com- 
patible with direct sum of coefficients. Hence we get that 

Mr,Co(x(r),yc(H)),max,* : Kl°^T,Co{X{T),ICiH))) ^ if,(Co(X(r),/C(i/)x„,axr) 

is also rationnaly injective. By using the maps induced for each integer k by the 
fc-th factor n,eN^°°(^(r),/C(i?)) C{T /Tk, ICiH)), with see that the inclusion 
Co{X{T),)C{H)) ^ e°°{X{T),K:{H)) induces inclusions 

Kl°p{r,Co{x{T),JC{H))) ^ i^:°p(r,£°°(x(r),/c(i/))) 

and 

if,(Co(x(r),/c(i?))x^axr) ^ i^,(i?°°(x(r),/c(i?))x,„axr) 

and thus we get a commutative diagram 

► Kl°P(T,Co(X(T),IC(Hy)) > Kl°P(T,e°°(X(T),K(H))) 

i i 

► Kl°P{r,Ar) >o 

i 

► if. (ArXmaxT) > 

with exact rows and where the vertical arrows are given by the assembly maps. 
Using once again the commutativity of diagram 14.81 we get that if ^r,yir,max,*(a;) 
comes rationnally from an element in K^,{Co(X{r),IC{H))»jna.x^), then x comes 
rationnaly from an element in KI°^ {T , Co{X (T) , IC{H))) . Hence 

is rationally injective. □ 

5. Asymptotic quantitative Novikov/Baum-Connes conjecture 
Corollary 14.221 suggest that the property of the coarse assembly map 
■■ limK.4Pr{X{T)),C) ^ K.4C*{X{T))) 
should be closely related to the family fo assembly maps 

We this, we introduce some quantitative assembly maps which take into account 
the propagation. The relevant propagation here is indeed the one induced by F 
under the Morita equivalence between C*-^^^{ri) and C(r/ri) ximaxF. We then give 
asymptotic statements for these quantitative assembly maps and give examples of 
group for which they are satisfied. 
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5.1. Almost projectors, almost unitaries and propagation. 

Definition 5.1. Let A he a unital C* -algebra and let e in (0, 1/4). 

• An element p in A is called an e-projector if p = p* and Wp^ ^ p\\ < £■ 

• Anelem,entuinAiscalledaxYe-\initai.vyif\\u*u—\\\ <eand\\uu* — \\\ <e 

Notice that if p is an e-projcctor of a C*-algebra A and (f>e : M ^ M is any 
continuous function such that = for t < and (j)e{t) 1 for i > 

ii^^^^^j then cj)e{p) is a projector. Moreover, we have — p\\ < 2e. 

Remark 5.2. If A is a C* -algebra, then for every e in (0, 1/4) 

• if p is an e-projector of A, then any element q in A such that \\p — q\\ < 
e-||p^ -p\\ e-projector. In this case {tp + (1 — t)(j')jg[o,i] '■^ homotopy 
of e-projectors between p and q and in consequence 4>e{p) and 0e(g) are 
homotopic projectors. 

• if A is unital and if u is an e-unitary of A, then any element v such that 
\\u — v\\ < f-ilMI"" -g e-unitary and (tu + (1 — t)v)te[o,i] *s 
a homotopy of e-unitary connecting u and v. 

Definition 5.3. Let A be a T-algebra. An element x of AyimaxF is said to be of 
finite propagation if x lies in Cc(r, ^). We say that x has propagation less than r 
if the support of x as an element of Cc(X, A) is in Br{e,s). These definitions have 

an obvious extension to Ay^maxT by requiring the unit to be of propagation zero. 

For e in (0,1/4), A a unital F-algebra, and po and pi two e-projectors of 
Ayiraax^®f^{H) with propagation less than s and ng and ni positive integers, we 
write (poj'^o) ^s.e (pii'^-i) if there is an integer k and a e-projector homotopy 
('?t)te[o,i] in C([0,l],(A>^,„axr)®/C(i/)) between ('^ J and (''o /,°„J such 
that qt has propagation less than s for every t in [0, 1]. Similarly if uq and ui are 
e-unitaries in Ayi^B.^T®1C{H) with propagation less than s, we write uq ~s,e ui if 

there is a e-unitary homotopy {vt)t£[o,i\ in C([0, 1], {Ayi ■^a^T)®JC[H)) between mq 
and ui and such that vt has propagation less than s for every t in [0, 1]. 

Notice that if p and q are two e-projectors in Ayi„^i^yJ^®fC{H) such that po ^s,e Pi 
then (pi^lpo) and (peipi) are homotopic projectors. 

5.2. Propagation and assembly map. As before F is a finitely generated group 
which is residually finite with respect to a family Fq D Fi D . . . F„ D . . . of normal 
finite index subgroups of F. 

Recall that ^''"'(r) and "^^^{PriT)) are respectively the ^-algebras of pseudo- 
local, Fi-equivariant and finite propagation operators on ^^(F) ® H and Hp^j^py 
RecaU from section[3?2]and corollarv l4l3l that any element oi KKl^{Pr{T), C(F/F,)) 
can be represented by K-cycle (Ip. pr, C(F/Fi, i7p^(r)), Ir^ P)^ where 

• pr is the standard representation of Co (Pr(r)) oniJp^(r) = L'^{Pr{T),rir)(E)II; 

• F is a K-cycle of ^^'(Hp^^r))- 

• We have identified I^^^ -ffp,(r) with C(F/Fj, i/p,_(r)) ^ C(F/F,) ® i?P,(r) 
provided with the diagonal action of F; 

• Under this identification, Ip. pr is the pointwise representation pr on Hp^(^Y) 
and Ip. F is the pointwise action by F/F^ _B(iJp^(p)); 7Fi i— > 7(F). 
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For a K-cycle F of 5''"' (Pr(r)), let us denote by the corresponding element in 
if'°P(r,C(r/r,)) coming from the K-cycle (l^^ pr,C{T/T,,Hp^,(^r))Jr, T,). 

Let us set Ci = I?, ^^(r) ®H = C{T/T„t'^{T) (g) H) and let 0,r be the right 
C(r/ri) xiinaxr-Hilbert module constructed from C^i in section [3TT1 Notice that 
Ci,r as a right C(r/ri)Xi„axr-Hilbert module is isomorphic to H ® C(r/ri) x„iaxr 
(compare with isomorphism of equation 14. 5p . 

Proceeding as we did for proving lemma [4.151 and denoting the multiplier algebra 
of C(r/r„/C(7J))Xmaxr by Af(C(r/r„/C(7J))Xmaxr), we get with notations of 
section 14.31 

Lemma 5.4. For every integer i, there is a ^-homomorphism 
X, : *^'(r) ^ MiC{T/r,,)C{H)yo„.accT)) 

such that 

• Under the identification = H iSi C{T/Ti)><i.max^, then Xi{S) restricts to 
ll^ S on Cc{r) ■ Qs; 

• For any f in C{T/Ti,IC{H)), viewed as a locally compact operator on 
i'^{T)(g)H, then Xi{f) is the image off under the inclusion C{T /Ti, IC{H)) ^ 

• For every "f in T, thenXi{R^) is the left multiplication by 5^ e C{T /Tijyirnax^ 
(viewed as a multiplier of C(T/Ti, JC{H)><\max^)),' 

Remark 5.5. Let us denote by C[r]^' the set of T i-equivariant operators o/C[r]. 
Then C[r]^' is a ^-algebra isomorphic to CciJ^ tC{T /Ti)) (equiped with convolution 
product) and thus Xi induces by restriction a homomorphism 

c((r/r,)x„,,r ^ Af(c(r/r„/c(ii)x„,,,r)), 

which is in fact the natural inclusion. According to [H lemma 4.13], lemma 
can be generalised to the equivariant case and hence for every real t and any inte- 
ger i, there exists a positive real Ct.i such that for any clement S of C[r]'"' with 
propagation less thant, then || Aj(S')||(7(r/r,,K;(ff)xi„<„r) < Ct^i\\S\\p(r)(»H ■ 

Let us fix until the end of this subsection 

• a F-equivariant coarse equivalence (/)r : Pr(T) F; 

• a isometry Wr : Hr ^^(r) Fl that covers 0^- 

By using the same argument as in the third step of the proof of theorem 14.161 we 
get the following result. 

Proposition 5.6. Let x be in kI"^{T,C{T /V,)) coming from an element xp in 
KKl{Pr{T),C{TlTi))) for a K-cycle F m some *r.(p^(r)). Then iir,c{T /v^),n.axA^) 
is the class in K.^,{C{T /Ti)yiraaxT) of the K-cycle 

{H ® C(F/F,)x™a.F, X,{WrFW: + Id,2(p)^^ -WrW;.)). 

Define F^,, = X^(WrFW; + ldi2f^r)0H -WrW^) for F a K-cycle of *'^'(P^(F)) 
and let us set in the even case 

Adff Fr,,\ f Uh 0\ (Uh FrA (0 -ldH\ 

{ UhJ ■ \-Fr,^ UhJ ■ ^ UhJ ■ \ldH J ' 



38 



H. OYONO-OYONO AND G. YU 



where Idif is viewed as the unit of C(r/ri, /C(i7)) ximaxT. Since Xi is a *-homomorphism, 
we see that the matrix 

fldH 0\ 1 [Uh 

o)^^ - [o 

has coefficients in C(r/ri, /C(_ff)) ximaxr and moreover we get 

Proposition 5.7. With notations of proposition \57B[ if x in Kl°^{T,C{T/Ti)) 
comes from an element xp in KK^[Pr{T)TC{T /Ti)) for a K-cycle F in some 

^^^{Pr{T)) and if we set ep = Vp (^'^^ q) ^ *^en 

Mr,c(r/r.),ma:E,oW = M ~ o)] ■ 

The crucial point is that with notations of proposition 15.71 then the coefficients 
of the idempotent e p have indeed finite propagation depending only on the propa- 
gation of F. Since with notation of lemma [5^ the algebra C[r]'"' is generated by 
i?-y for 7 in r an by functions / in C{r /Ti, IC{H)), it is straightforward to check 
that Xi is propagation preserving. Using this, we obtain for every positive real r the 
existence of a non-decreasing function hr : K'*' R+, (which is in fact affine), inde- 
pendant on i, such that for every s and every K-cycle F in (F) with propagation 
less than s, then with notation of lemma [STfi the idempotent ep has propagation 
less than hr{s). Notice that ep has operator norm less than ar^i = (1 -I- 
Recall that if we set e'p = {1 + {2ep - l){2e*p ~ l))-^^^e{l + {2ep - l){2e*p ~ l)y^^, 
then e'p is a projector equivalent to ep. Fix once for all two sequences of real 
polynomial functions {Pj)jeN and {Qj)jen such that Pj and Qj have degre j for all 
j e N and on every compact subset of R+ , 



• (Pj)jgN converges uniformally to 1 1-^ yT+t; 

• (Qi)jeN converges uniformally to 1 1-^ ^/i+t ' 

Let us define ^'i*(P^(F)) = {T e *^'(Fr(F)) such that ||T|| < 1}. For F a K-cycle 
of "^\^{Pr{T)), a positive real r and e in (0, 1/4) let je,F,i be the smallest integer 
such that 



\Pj{t)-VT+t\ < ((8-f 4a„||)|| +2)-2 and 



Q,{t) ^ 



< ((8 + 4a„))- 



for aU integer j > j^^p^i and aU t £ [0,4ar,i]- For F a K-cycle of \I'^'(Pr(r)) with 
propagation less than s, let us set 

pp,, - l/2Q,^^,^^i{2ep ~ l){2e*p - l)){ep + e^P,^,,,^ {(2ep - l){2e*p - 1)). 



Then ||e^ — pF,e|| < £/8 and according to remark 15.21 then is a e-projection 
and has propagation less than (2je_F,i + ^)hr{s). Moreover, for any continuous 
function 0^ : M ^ M such that ^^(t) = for t < i-V^i-fe ^nd (i>^{t) = 1 for 

t > ^ then 4>e{Pe) is a projector equivalent to e^?. Now fix an identification 

between IC{H) and the closure of U„gN-Mn(C) and consider g„ the rank 2n projec- 
tor of A'h (C(F /F, ,IC{H)) >v^F) ) corresponding to the identity of Ah (M„ (C) ) . For 
a K-cycle F of {Pr{T)), let np^^ be the smaller integer n such that \\qnPp,£/2Qn — 
PF,e/2+("V^" o) II < e/8andsetpF^e = qn^,Jp.,e/2qn^,,- Then |bF,e+( V^" o)- 
e^ll < e/4, and according to remark !??^ pp^^ is as a summand of pF,e + (^"^'"o"^" [j ) 
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a £-projector in 1/211^,^ (C(r/ri) ximaxr). Moreover, we have 

Mr,C(r/r.),max,o(2;F) = [0e(pF.e)] " [^f.J- 

In the odd case, if _F is a K-cycle of ^^'(Pr(r)) with propagation less than 
s, let us set using the notations of the discussion following proposition 15.61 qp — 

l/2{Fr^i + Id//). For e in (0, 1/4) and r positive, let le.p.i be the smallest integer 

+00 

such that ^ + 2))'/^! < e/(3ar,i + 6). Let us define 

l = h,F,i + l 

;=o 1=1 
It is straightforward to check that 

• UF,e — Idff is indeed an element of C'(T/Ti, /C(-ff))Xmaxr with propagation 
less than le,F,ihr{s). 

• \\uF,e - e^^'^'^ll < e/3. 

In view of remark l5.2[ UF,e is a e-unitary. Moreover, if x in kI°^{T, C{T/Ti)) comes 
from XF in KKl{Pr{T),C{T/T,)) for F in some *r.(p^(r)), then Mr,c(r/r.),max,i(a^) 
is the class of UF,e in -fi^i(C(r/rj)^maxr)- 

Remark 5.8. According to remark \5.5\ for all e in (0, 1/4), i positive integer and s 
positive real, then the sets {js,F.i'i F K-cycle of "^i^ (Pr(T)) of propagation less than s} 
and {l^ F,ii F K-cycle of {Pj,{T)) of propagation less than s} are hounded. Thereby, 
if Je,i,s 0'''T'd Lg^i^s are respectively their suppremium, then for all K-cycle F of 
^5"'(^r(r)) with propagation less than s, we get that piT^ and pF.e have propaga- 
tion less than [2Js,i,s + l)/ir(s) o,nd uf.s has propagation less than L^,i,shr{s) 

With notations of lemma [221 let x be an element of Kt°^{T,BT)- Under the 
identification isTi^f (P^(r), Br) = JlieN ^-^f(^r(r), C(r/r,)) of proposition EH 
we can assume that x comes from an element {xFi)i&i, where 

• Fi is K-cycle of ^\^{Pr(T)) for every positive integer i; 

• there exists a real s such that Fi has propagation less than s for every 
positive integer i. 

By viewing -BrXmaxF = ^°°(UigNr/ri, /C(i/)) XmaxF as an algebra of multiphers of 
®i(ziiC{T /Ti, /C(if))xiniaxr, we see that i^rXmaxr is indeed a closed *-subalgebra of 
IlieN (C'(r/rj, /C(_ff ) ximaxr)- in particular, with above notations, if x is even and 
since ||A(S'j)|| < || Ar(5'i)ieN|| for all uniformally bounded family Si in HieN ^'"'(^0 
with propagation uniformally bounded and all integer j, then the idenipotent 

{eFi)i&i and hence the projector {e'p,)i^n belong to -M2(i3r XmaxT) and more- 
over, /ir,Br,max,o(a;) = [(eFjiew] - [(^tfo)]- Furthermore, the family of inte- 
gers {je,Fi.i)i&i is bounded and hence (pi7r'e)iGN and {pFi,e)i&i are e-projector 
in A/2(-Br XmaxF). Since \\pF\^e — e^. || < e for all integer i, we finally get that 
{4'e{'PFr,e))i&i is a projector of M2(BrXi„axr) homotopic to (e^.)igN and hence 

Mr,Br,max,o(a;) = [{(l)e{pF\',e))i&i\ - [{1<^h)i&{\ 
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In the same way, in the odd case we get that {uFi)ieN is a e- unitary of -Br>^maxr 
and 

Mr,Sr,max,i(a;) — [(-ufJign]- 

5.3. Asymptotic statements. For any integer i and any positive real r,r',s,s' 
and any e in (0, 1/72), let us consider the following statements 

QIo(i,r,r',s,£): for any (even) K-cycle of ^f^* (Pr (r)), then {pF,s,nF,e) '^ise.s 
(0, 0) implies that xp lies in the kernel of the homomorphism 

KKl{Pr{T),C{TlT,)) ^ KKl{Pr>{T),C{^lT,)) 

induced by the inclusion Pr (r) ^ Pr'iJ^)- 
QIi(i,r,r',s,£): for any (odd) K-cycle F of '^\'{Pr{T)), then UF,e ^e,s 
implies that xp lies in the kernel of the homomorphism 

KKY{P,{T),C{V/T,)) ^ KK\{Pr\T),C{T/T,)) 

induced by the inclusion Pr(r) ^ Pr'iJ^)- 

QSo(i, r, s, s', e): For any e-projectorp in some M/j(C(r/ri) Xmaxf) with prop- 
agation less than s, and any integer n, there exists a (even) K-cycle F of 
*i'(Pr(r)) such that {pF,e,nF,e) ~i8e,s (p,n). 

QSi(i, r, s, s', e): For any e-unitary u in C{T /Ti,K.{H)yiraaiJ^ with propaga- 
tion less than s, there exists a (odd) K-cycle F of ^\^{Pr{T)) such that 

UF,e ~e,s U. 

Remark 5.9. It is straightforward to check that if two e-projectors are e-closed, 
then they are homotopic as 18e-projectors and hence conditions QIq and QSq do 
not depend on a particular choice of sequences of polynomial functions {Pn)ni£N o-nd 
(Qn)neN used in the definition of pF,f Moreover, replacing np^e by any integer n 
with n > JiF.e and pF.e by QuPf. e/2ln does not either affect conditions QIq and QSq- 

Theorem 5.10. Let T be a finitely generated group residually finite with respect 
to a family Fq D Fi D . . . r„ D . . . of normal finite index subgroups and let I be in 
{0, 1}. The following statements are equivalent: 

(i) For any positive real r the following condition holds : there is an e in 
(0, 1/72) such that for any positive real s, there exists an integer j and a 
positive real r' for which QIi{i, r, r', s, e) is true for all i > j . 

(ii) The maximal coarse assembly map fJ-X{r),max,i injective. 

Proof. Let us give the proof in the even case, the odd one been quite similar (even 
simpler). In view of theorem 14.161 condition (ii) is equivalent to injectivity of 
/^r,Ar,max,o- L6t US provc that condition (i) implies injectivity of /^r,Ar,max,o- 

Ac- 
cording to remark B?5l this amounts to prove that for any x in Xq°^(F, Sp), then 
the condition A*r,Br,max,o(2;) G -K^o(^r,o >^maxr) implies that x belongs indeed to 
i^rQ°''(F, i3r,o)- Up to replace UigNr/ri by UiyigV/Ti for some integer ig, we can 
actually assume that IJ,t, Br, ma.x,o{x) — 0. Suppose that x comes from an element 
{xf^Un in some K (Priv) ,Br) = KK^{Pr{T),C{T/T,)) for r positive 

real, where (Pi)igN is a family of K-cycles in IliGN ^i' (-^'"(-'^)) "^ith propagation 
uniformally bounded. Then there exist integers k and n and a projector homotopy 

in M„+fe+2(i3r'^xr) between ( ^^■^^1'^"'"%°, ) and( J , where 
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Pn,k is the projector (^q q) of M„+A;(i3r Xmaxr). Hence we can find a homo- 
topy of ISe-projector P : [0,1] — > A/„+fe+2(-Sr ^maxr) between 



i,e)ieN 

p„_i 



and^ ^^"^'i^^ ^ ° ^ such that for some s real, P(t) has propagation less than s 
for every t in [0, 1]. From this, by using for every integer j the projection 

SrXmaxr = ^°°(u,eN,/c(i/))x„,axr ^ c(r/r„ /c(i/) ) X „,,,r 



and proceeding as we did in section [5.21 to obtain pp^^ from Pf,s/2 7 we get that 
{pp.,^,np.^^) ^ise.s (0,0). If e is in (0,1/72) and j is an integer satisfy the as- 
sumptions of the theorem for s as above, then there exists a r' such that lies in 
the kernel of KKl{Pr{T), C[T/Ti)) KKl{Pr.{T), C[T/Ti)) for all integer i > j. 
This implies that x comes indeed from an element in ^{Zq KKQ{Pr'{T), C{T/Ti)) 
and hence belongs to 0.^^, kI°'P{T, C(T/T,)). 

Conversely, assume that for some positive real r, then for any e in (0,1/72) 
there exists a positive real s such that for every integer j and positive real r', there 
exists an integer i with i > j for which QIo(i,r,r' , s,e) does not hold. Let us 
prove that /xr,yir,max,o is not injective. If r is as above, let us fix e in (0, 1/72) and 
(r^)„gN an increasing and unbounded sequence of positive reals. Then we can find 
an increasing sequence {ji)ieN of integers, and for each integer i a K-cycle Fj. in 
'i'l'^ {Pr{T)) such that {pp._ ^s,nFj. ,e) ~i8e,s (0,0) and xpj. does not belong to the 
kernel of KK^{PriT),C{T/TjJ) KK^{Pr'^{r),C{T/T]x. By using a cut-off 
function for the action of F on Pr (F) and in view of remark 15.91 we can actually 
assume that the family {Fj.)i^fi as propagation uniformally bounded. Define for 
any integer k the K-cycle Fk of ^'^'°(Pr(r)) to be Fj. if k = ji for some integer i 
and Idifp^(pj otherwise. Let x be the element of K^^iT, By) arising from {xFi)i&i- 
We clearly have /ir,Br,max,o(a;) = and x does not sit in @^^^kI°'^ {T ,C(T /Ti)). 
Hence, the image of x under the epimorphism K^'^{T, Br) — > Kq°^{T, Ay) is a non 
vanishing element of the kernel of /ir,Ar,max,o- D 

Corollary 5.11. If T is residually finite, finitely generated and uniformally em- 
beddable into a Hilbert space, then F satisfies condition (i) of theorem \5.1(A 

Remark 5.12. As already mentionned, under the assumption of corollary \ 5. 11[ 
the reduced assembly map fir,Ar,red,* *s injective. Moreover, the group F is K-exact 
and hence, in view of the proof of theorem \5.1CA and if we consider conditions QIq 
and QIi with reduced assembly maps instead of maximal ones, we get in this setting 
an analogue of corollary \5.11\ for F. 

Theorem 5.13. Let T be a finitely generated group residually finite with respect 
to a family Fq D Fi D . . . F„ D ... of normal finite index subgroups and let I be 
in {0, 1}. Assume that there exists e in (0, 1/72) such that the following condition 
holds: for every positive real s, there exist positive real r and s' and an integer j such 
that QSi{i, r, s, s', e) is true for all integer i > j . Then fJ'p^(r),7nax,i surjective. 

Proof. As for injectivity, it is enought in view of theorem 14.161 to prove that 
/^r,Ar,max,i is surjcctive and according to remark |4.5[ this amounts to prove that 
for any z in /4ri(i?rX„iaxr), there exists an element x in if*°P(F,Br) such that 
/^r, Br, max,; (a;) — z belongs to iir;(i3r,oXmaxr). As before, we give the proof in 
the even case, the odd case being quite similar. Recall that we have fixed an 
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identification K.{H) = U„gN-A^n(C). It is then straightforward to check that ev- 
ery element in -ft'o(Sr Xmaxr) can be written down as the difference of the classes 
of projector that belongs to (HigN ^^"i (^(-'^Z^*))) ^maxr for some sequence of 
integers (ni)igN- Let p — (pi)igN be a such projector viewed as an element of 
HigN (-M„. (C(r/ri))Xi„axr). Let e be as in the assumption of the theorem. We 
can indeed assume that there exists a positive real s and ((7i)igN an e-projector of 
(^^GN^".(C(^/^^)) XmaxF C IlieN (^». (C(r/r, ) ) X niaxF) with propagation less 
than s and such that p — {(l)e{qi))i£ti- Let r and s' be positive reals and let j be a 
positive integer such that QSo{i,r, s' ,e) is true for every integer i > j, i.e there 
exists a K-cycle Fi in ^'^*(Pr(r)) such that {pFi,e-,np.^s) ~i8e,s ((ZijO). By using 
a cut-off function for the action of T on -Pr (r) and in view of remark [5.21 we can 
actually assume that the family (i^i)igN as propagation uniformally bounded. If we 
set Fi = Id//p^(pj for every positive integer i with i < j — 1 and then consider the 
element x of X*°P(r,Br) coming from {xFi)iefi G K Kq [PriT) , Bt) , we get that 

/^r,Ar,max,o(a;) - [p] bclougS tO 0jgp, i^O (ClL/Fj) X maxL) . □ 

As we shall see, up to a slight modification in the sequence of finite index normal 
subgroups in F, we get a converse result for theorem l5.13l This allows in particular 
to deal at least with group that satisfies the strong Baum-Connes conjecture. Let 
us set for any i integer X,{T) = lJj>, F/r^ and X°°{T) = lJ,gNX,(F) provided 
with the action of F inherited by the action on X{r). Let us equip X°°{V) with 
a F- invariant metric d such that the restriction of d to each Xi{T) coincides with 
the metric on X{r) and d{Xi{T),Xj{Vy) > i + j for every integer i and j. Let 
us set A'^ = £°°lx°°{T),K:iH))/Co{X°°(T),JC{H)). The space X°°(F) is indeed 
construct in the same way as ^(F) by considering the sequence of finite index 
normal subgroups Fq D Fi D Fi D F2 D F2 D F2 D F3 . . . and hence, according to 
theorem 14. 171 we get 

Proposition 5.14. The following assertions are equivalent 

(i) The maximal coarse assembly map 

l^x^iD.ma.,* ■■ limi^,(P,(X°°(F)),C) ^ K4C„,a.{X°°{T))) 

r 

is surjective. 

(ii) the maximal assembly map 

is surjective. 

We have of course analogous statements for injectivity and isomorphism. We are 
now in position to give a weak converse result for theorem 15.131 

Theorem 5.15. Let T be a finitely generated group, residually finite with respect 
to a family Fg D Fi D . . . F„ D . . . of normal finite index subgroups and let I be in 
{0,1}. Assume that the maximal coarse assembly map 

l^X^(T).ma.J ■■ limif,(P,(X°°(F)),C) ^ Ki{Cma.{X^{r))) 

is onto. Then there exists e in (0, 1/72) such that the following condition is satisfied: 
for every positive reals s, there exist positive reals r and s' and an integer j such 
that QSi{i, r, s, s', s) is true for all integer i > j . 
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Proof. As before we give the prove for the even case. Assume that for all e in 
(0, 1/72) there exists a positive real s such that for all positive reals r and s' and in- 
teger J there exists an integer i with i > j for which QS'o(i, r, s, s', s) does not holds. 
In view of proposition 15.141 let us show that /ir,A°°,max,o is not onto. Let us fix s 
in (0, 1/72) and (s^)igN and (ri)^^^ increasing and unbounded sequences of positive 
reals. Then for each integer k, there exist an increasing sequence of integers (j*^)igN, 
an e-projector qj^ k with propagation less than s in some Af„ ^ ^{C{T/Tjk)ximii-J^) 

and an integer rrijk f. such that there is no K-cycle F in (Prki^)) for which 
(xp.einp,^) ^if!,e,s[ i<lj''.ki™j''.k)- Fo'" J ^-^d k integers such that j > k, define 

• qj,k to be qjk a j — for some integer i and qj^k — otherwise. 

• nij^k to be rrijk f. if j = for some integer i and mj_k — otherwise. 

Let us set = i°°{X°°{T),lC{H)) and B^^^ = Co{X°°{T),]C{H)). As in the 
proof of theorem 15.131 suriectivitv will fail if there is no x in K^^{T,B^) such 
that A*r,s~,max,o(a:) - [(0e(gj,fc)jeN, fc<i] + [{Ira,^k)]m,k<j] hes in Ko{B^^^>i^^j:). 
Suppose that such an x exists, coming from an element y in K {Pr(r) , B^) and 
let us fix k an integer such that > r. Define then yk as the image of y under the 
composition 

KK''{Pr{T),Bn ^ KK^{Pr,iT),Bn ^ (L), A??), 

where the first map is induced by the inclusion Pr (F) ^ P^^ (L) and the second by 
the projection homomorphism £°° {Xk{T), IC{H)). We can assume that yk — 

(a;_F^. JjgN, k<] where {Fj^k)jeJ>i, k<] is a family of K-cycles in IljgN, k<j ^i' {Pvk i^)) 
with propagation uniformally bounded. Then ((/>£(pi? ,,^e))jgN, fc<i is a projector 
in Ko{£'^ {Xk(r))>}n^iiyT) and by naturality of the assembly map, we get that 
[{4'e{PFj^k,e))]€fi, k<j] - [(^F^._^,e)jeN, k<]] - [{(j>e{qj,k))jefi, k<j] + [(^m,-,fc )jeN, k<j] hes 
in Ko(Co(Xk{r),IC{H)) ^^niaxL). By taking k big enought, we can indeed assume 
that 

[(0£(PFj,fc,£))jeN, fe<j] - [(^riF^^,JjeN,fe<j] = [{<l>e{qj,k)jeti.k<j] - [(^m,, JjGN, fc<i] ■ 

Thus, up to stabilisation, there is a homotopy in some M„ (z°°(Xfc(r),A:(i/))>wr) 

/pF E N / 1j k \ 

of 18e-projectors n r ^-^d d / with finite prop- 

agation between. Proceeding as we did in section [5T2] to obtain pp^;, from PF,e/2j we 
actually get that there exists 

• a positive real s'; 

• two sequences of integers {ij)jeN.k<j and {'ij)je'N.k<j', 

• a homotopy of 18e-projector P : [0, 1] ^ (Ujen^ k<j M,,^ iC{T/Tj))^ x.^axL 
between f^'^n*^ r ° 1 andf'o^/. ,° ^ such that P(i) 
has propagation less than s' for every i in [0, 1]. 

If i is an integer such that s[ > s' and j.f > k , then (pf ; ei'^F i e) ~i8e s' 
{qji^ f.,mjk J.), which is in contradiction with the way we have chosen {q^k k)(i.k)eN^ 
and (mj-fc,fc)(i,fc)GN2- □ 

Corollary 5.16. Let T be a finitely generated group residually finite with respect 
to a family Fq D Fi D . . . r„ D . . . of normal finite index subgroups and let I be in 
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{0,1}. IfT satisfies the strong Baum-Connes conjecture (for example ifV has the 
Haagerup property) then there exists e in (0, 1/72) such that the following condition 
is satisfied: for every positive reals s, there exist positive real r and s' and an integer 
j such that QSi{i, r, s, s', e) is true for all integer i > j . 

Since group satisfying the strong Baum-Connes conjecture are K-amenable |14) . 
the same resuh holds if we replace in the definition of conditions QSq and QSi 
maximal assembly maps by the reduced one. More generally, in this setting, the 
analogue of the hypothesis of theorem 15.151 implies the surjectivity of the reduced 
Baum-Connes assembly map /ir,B~,rcd,i ■ Ki°^{T, B^) — > iiri(i?p x^axr) for / in 
{0, 1} for K-exact groups (in particular for groups that embed uniformly in a Hilbert 
space). 
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